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Introduction

Electrification is the most outstanding engineering achievement in the 20th
century, a well-deserved award if we consider the high complexity of genera-
tion, transmission, and distribution systems. An electric power system includes
hundreds or even thousands of generation units, transformers, and transmis-
sion lines, located throughout an entire country and operated continuously 24
hours per day. Running such a complex system is a great challenge that requires
using advanced mathematical techniques.

All industrial systems seek to increase their competitiveness by improv-
ing their efficiency. Electric power systems are not the exception. We can
improve efficiency by introducing new technologies but also by implementing
mathematical optimization models into daily operation. In every mathemati-
cal programming model, we require to perform four critical stages depicted in
Figure . The first stage is an informed review of reality, identifying opportu-
nities for improvement. This stage may include conversations with experts in
order to establish the available data and the variables that are subject to be opti-
mized. The second stage is the formulation of an optimization model as given
below:

min f(x)
subjectto x € Q (0.1)

Where x is the vector of decision variables, f is the objective function and, Q is
the set of feasible solutions. Going from stage one (reality) to stage two (model)
is more of an art than a science. One problem may have different models and
different degrees of complexity. Practice and experience are required to master
this stage, as some models are easier to solve than others. Subsequently, the
third stage consists of the implementation of the mathematical model into a
software. After that, the fourth stage is the analysis of results in the context of
the real problem.

Xi



xii | Introduction

min f(x)
xeQ

-— Python

Figure 0.1 Stages of solving an optimization problem.

This book will focus on stages two and three, associated with power system
operations models. In particular, we are interested in models with a geometric
characteristic called convexity, that present several advantages, namely:

e We can guarantee the global optimum and unique solution under well-
defined conditions. This aspect is interesting from both theoretical and prac-
tical points of view. In general, a global optimum advisable in real operation
problems.

o There are efficient algorithms for solving convex problems. In addition, we
can guarantee convergence of these algorithms. This is a critical aspect for
operation problems where the algorithm requires to be solved in real-time.

e There are commercial and open-source packages for solving convex opti-
mization models. In particular, we are going to use CvxPy, a free Python-
embedded modeling language for convex problems.

e Many power system operations problems are already convex; for example,
the economic and environmental dispatches, the hydrothermal coordination,
and the load estimation problem. Besides, it is possible to find efficient convex
approximations to non-convex problems such as the optimal power flow.

In summary, convex problems have both theoretical and practical advantages
for power systems operation. This book studies both aspects. The book is
oriented to bachelor and graduated students of power systems engineering.
Concepts related to power systems analysis such as per-unit representation,
the nodal admittance matrix, and the power flow problem are taken for granted.
A previous course of linear programming is desirable but not mandatory. We do
not pretend to encompass all the theory behind convex optimization; instead,
we try to present particular aspects of convex optimization which are useful in
power systems operation. The book is divided into two parts: In the first part,



Introduction

the main concepts of convex optimization are presented, including a distinct
chapter about conic optimization. After that, selected applications for power
systems operation are presented. Most of the solvers for convex optimization
allow mixed-integer convex problems. Therefore, we include models that can
be solved in this framework too. The student is recommended to do numerical
experiments in order to acquire practical intuition of the problems.

All applications are presented in Python, which is a language that is becom-
ing more important in power systems applications. Students are not expected
to have previous knowledge in Python, although basic concepts about pro-
gramming (in any language) are helpful. Our methodology is based on many
examples and toy-models. We made a great effort in showing the most simple
model with a clean code. Of course, these toy-models are an oversimplifica-
tion of the real problem; however, they allow us to understand the model and
its coding. In practice, we may have complex models that combine different
aspects such as the economic dispatch, the unit commitment and/or the opti-
mal power flow. A real operation model may require a sophisticated platform
that integrates the model with the supervisory control and data acquisition sys-
tem (SCADA) operating in real-time. The development of such a real industrial
model is beyond the objectives of this book.

xiii
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1

Power systems operation

Learning outcomes

By the end of this chapter, the student will be able to:

o Identify problems related to power systems operation.
e Link mathematical optimization models to power systems operation
problems.

1.1 Mathematical programming for power systems
operation

Mathematical optimization is a fundamental tool for the electrical supply
chain, from generation through transmission, distribution, and end-use. It may
also be used, in different time frames, from a few milliseconds to several years.
This book concentrates on optimization problems for power systems operation.
These problems are usually continuous and have a time frame from several
minutes to one day. Optimization problems with faster dynamics lie in the
control and stability analysis, whereas problems with slower dynamics are
planning problems.

Mathematical optimization problems associated with power system oper-
ation have existed since the beginning of operations research as an inde-
pendent area, back in the middle of the 20th century. However, modern
technologies such as renewable energies and electric vehicles; and current
concepts, such as smart-grids, active distribution networks, and microgrids,
have created a renewed interest in mathematical optimization applied to power
systems. Smart-grids implicate a massive use of technologies such as power

Mathematical Programming for Power Systems Operation: From Theory to Applications in
Python. First Edition. Alejandro Garcés.

© 2022 by The Institute of Electrical and Electronics Engineers, Inc. Published 2022 by John
Wiley & Sons, Inc.
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1 Power systems operation

electronics, communications, and advanced metering. However, the smart
aspect of these grids comes from mathematical techniques such as mathe-
matical optimization, that manage these technologies, in order to improve the
efficiency, reliability, security, and resilience of the system.

Figure 1.1 depicts schematically four common types of mathematical opti-
mization models. These are linear programming (LP), mixed-integer linear
programming (MIP), non-linear programming (NLP), and mixed-integer non-
linear programming (MINLP). Another classification is to separate them into
convex and non-convex problems. The former include LPs and some NLPs;
the latter is the rest of the problems. Convex problems are well-behaved in
the sense that they have theoretical guarantees, such as global optimum and
practical algorithms with fast convergence rate. The first part of the book
presents these theoretical aspects. However, not all power systems operation
problems are convex; therefore, we need to develop convex approximations
for those problems, most of them based on conic optimization as presented in
Chapter 5.

A power system is quite complex, and therefore, modeling and implement-
ing mathematical optimization problems are equally complex. We need to gain
experience in the complex art of modeling and solving mathematical opti-
mization problems for power system applications. Our approach is to create
toy-models for each problem. These are simplified models that allow us to
understand the central issues and do numerical experiments. In the following
sections, we briefly describe each of these toy-models, explained in detail in the
second part of the book.

\ | | MIP Figure 1.1 Types of optimization
~]L\ / models.

I D

11 /

| /

titit /L

,,,,,, f—

\ MINLP

=

I N

[ N



1.2 Continuous models
1.2 Continuous models

1.2.1 Economic and environmental dispatch

The economic and environmental dispatch of thermal units is one of the most
classic problems in power systems operation. It consists of minimizing the oper-
ating costs or the total CO, emissions, subject to physical constraints such as the
power balance and the maximum generation capacity. For the economic dis-
patch, each generation unit has a cost function f;, which is usually quadratic
and depends on the power generated by each unit. Thus, the objective is to
minimize the total cost (or emissions), subject to power balance, as presented
below:

min 3’ fi(p;)
2 pi=d (1.1)

Pmin < Pi < Pmax

where p; is the power generated by each thermal unit, and d is the total
demand. Environmental dispatch introduces quadratic or exponential func-
tions in the objective function, but the problem’s structure is the same.
Moreover, power flow constraints can be introduced into the model, although,
in that case, it is more precise to name the problem as an optimal power flow
(OPF). Chapter 7 presents the economic and environmental dispatches, while
Chapter 10 presents the OPF problem.

Another problem closely related to the economic dispatch of thermal units
is the unit commitment. This problem considers not only the operating
costs but also the start-up and shut-down costs of thermal units. There-
fore, the problem becomes binary and dynamic. This problem is studied in
Chapter 8.

1.2.2 Hydrothermal dispatch

The economic dispatch problem may include hydroelectric power plants; said
plants, generate two fundamental changes into the model. On the one hand, the
model becomes dynamic since current operational decisions affect the future
operation of the system. On the other hand, the problem becomes stochas-
tic, because the inflows are usually random variables, especially in long-term
models. The later aspect is usually solved by an accurate forecasting of the
loads and the inflows; hence, it is possible to formulate a deterministic problem,

3



4| 1 Power systems operation

called hydrothermal dispatch or hydrothermal coordination. The basic model
has the following structure, namely:

min ZZfi(pit)
t i
Zpit+2pﬁ=d[‘v’t€f
i J

bj:r = g(qjt’ sz)

Vi) = Vje + a(@je — gje — Sje) (1.2)
DPmin < Pit < Pmax

Gmin < Gj¢ < Gmax

Smin < Sit < Smax

Umin < Uit < Umax

Where i represents thermal units and j enumerates hydroelectric units; ¢ rep-
resents the time, thus, p;, is the power generated by the thermal unit i at time ¢.
The values of a it Vjt> Djes Qjis and s j; are respectively, the inflow, volume, power,
outflow, and spillage of the hydroelectric unit j at time ¢. Figure 1.2, which is
self-explanatory, shows these variables.

In this model, g represents the relation between generated power, outflow,
and water volume stored in the dam. Although the planning horizon J” may
be of short-term (1 day to 1 week), medium-term (1 month), or long-term (1
or more years), we are interested only in the short-term model. As aforemen-
tioned, the problem may be stochastic since power demands d; and inflows a
are all random variables. However, a determinist model is suitable to under-
stand the problem and its practical implementation. The situation becomes
even more problematic when introducing other renewable energies, such as

~— = spillage s;
volume v;

dam

reservoir

\ turbine

outflow g;

Figure 1.2 Schematic representation of the variables associated to a hydroelectric
generation unit.



1.2 Continuous models

wind generation and photovoltaic solar generation. Chapter 9 presents the
hydrothermal dispatch problem.

1.2.3 Effect of the grid constraints

Both the economic dispatch of thermal units and the hydrothermal dispatch are
relatively simple problems. However, the transmission grid introduces addi-
tional constraints. Let us consider, for example, a power system with three
operation areas, as shown in Figure 1.3. Each line has a maximum power flow
capacity that introduces additional constraints in the model (both economic
dispatch and hydrothermal dispatch). This constraint limits the flow among
areas and modifies the results. These aspects are studied in Chapter 7 from a
classic perspective and later, in Chapter 10, under a modern view based on conic
optimization.

1.2.4 Optimal power flow

The power flow is one of the most important tools for the analysis of power
systems. It allows to determine the state of the power system, knowing the mag-
nitude of voltage and active power in all generating nodes and, active/reactive
power demanded in the loads. This results in a non-linear system of equations
in complex variables, as presented below:

SZ = Z ykmvzvm (1.3)
meN
A B
l 200 MW max l
300 MW 200 MW
150 MW max 130 MW max
C
500 MW

Figure 1.3 Economic dispatch by areas considering network constraints with the
transport model.

5
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1 Power systems operation

where s, = py +q, represents the active and reactive power in node k; N repre-
sents the set of nodes of the grid; yy,, is the entry km of the Y7, matrix; v, and
vy are the voltages at nodes k and m, respectively, both represented as complex
variables; and s, and v, are the complex conjugate of the respective variables.
This representation on the complex number can be splitted into real and imag-
inary parts. However, as presented in Chapter 10, a complex representation is
suitable both for modeling and implementation purposes.

These constraints can be introduced into the economic dispatch, as well as
in an optimization model that minimizes total power loss (pjs)- In both cases,
we named the problem as OPF. The basic model has the following structure:

min Ploss(v)
v,

* *
S = Z YkmUj Vm

menN

Pmin < P < Pmax (1.4)
[IsIl < Smax

Umin < [|Ukll < Umax

angle(vy) = 0

This problem is highly complex due to the non-linear and non-convex nature
of the power flow equations. Therefore, it is required to review different
approximations that simplify the model. Chapter 10 presents three of these
approximations. These are linearization, second-order cone approximation,
and semidefinite programming approximation.

Linearization is, perhaps, the most straightforward way to solve the prob-
lem. Although the concept of linearization is well-known in real numbers, in
this case, we do a linearization on the complex domain. This linearization uses
Wirtinger’s calculus since Equation (1.3) is non-holomorphic (i.e., it does not
have a derivative in the complex numbers). Chapter 10 and Appendix B study
this aspect in detail.

We also solve the optimal power flow using second-order cone and semidef-
inite programming. These approximations demand a basic understanding of
conic optimization. Therefore, we present a general background of conic opti-
mization in Chapter 5, and its application to the optimal power flow problem
in Chapter 10, including a complete discussion about their advantages and
disadvantages.

An optimal power flow may optimize both power systems and power distri-
bution grids. However, the latter case presents some particularities that deserve



1.2 Continuous models

an independent study. Moreover, both solar and wind energy require power
electronic converters connected at power distribution level. These converters
are capable of controlling reactive power, and therefore, it is possible to for-
mulate an OPF wherein the decision variables are the power factor of each
converter. The problem can be deterministic for real-time operation or stochas-
tic for the day ahead planning. In both cases, the model has, at least, the same
complexity as the basic OPF.

1.2.5 Hosting capacity

The concept of hosting capacity refers to the amount of solar photovoltaic gen-
eration (or wind) that can be hosted on a power distribution network, at a
given time, without adversely impacting safety, power quality, reliability, or
other operational features [1]. This analysis can use different performance cri-
teria, including transient and stationary state analysis. The latter alludes to
the maximum amount of generated power possible to host without creating
over-voltage problems and maintaining operational limits on the distribution
lines.

A hosting capacity analysis requires considering the stochastic nature of solar
radiation and power demand [2]. Furthermore, it needs to consider the non-
linear characteristics related to the power flow equations. Therefore, it is a
problem as complex as the optimal power flow (Chapter 11 investigates this
problem).

1.2.6 Demand-side management

Demand-side management constitutes a paradigm shift in the context of smart
grids, where loads are active components subject to optimization. The role of
demand-side management is crucial to decrease CO, emissions, reduce the bot-
tleneck in the transmission system, diminish operational cost, and improve
efficiency. In order to attain these objectives, it is required to apply mecha-
nisms of electrical load management with static and dynamic techniques. Static
techniques involve administrative measures as policies and activities to incen-
tive the end-users to change their energy demand pattern; dynamic techniques
include actions to reduce the electricity consumption, such as peak-clipping,
valley filling, and load shifting, among others. Information and communica-
tion technologies (ICT), as well as the concept of the Internet of the Things
(IoT), allow to control the loads and integrate this control in a centralized
optimization model.

7



8| 1 Power systems operation

In general, controllable loads are introduced in a model very similar to the
economic dispatch. Its basic structure is presented below:

min Z Z Cit Dit
t i
> (B — pu) > d; (1.5)
t

0<pi <D

where p;, is the power required by the load i at time ¢; p;, is the amount of
power that is reduced due to the demand-side management model; c;, is the
cost of disconnecting one unit of power; and d, is the minimum demand. This
is only the basic optimization model, which can be modified, in order to include
more type of loads and other aspects of the operation of the system.

Some loads can be moved in time, for example, the washing machine in a resi-
dential user. These loads, known as shifting loads, can be optimized by defining
the load’s optimal starting time. This optimization model is binary but tractable
as presented in Chapter 13.

A demand-side management model can also include a model for tertiary con-
trol in microgrids or a model for charging electric vehicles. The latter is usually
called vehicle-to-grid or V2G. In these cases, the optimization model requires
to be executed in real-time by an aggregator as depicted in Figure 1.4.

An aggregator is a crucial component in modern smart distribution net-
works. This device receives information of the final users - in this case, the
electric vehicles - and gives the control actions in order to obtain a smart oper-
ation. However, the intelligent part of this system is not in the hardware but
in the optimization required to solve the problem efficiently and in real-time;
therein lies the importance of understanding the optimization model.

A V2G strategy can be unidirectional or bidirectional. In unidirectional V2G,
an aggregator controls the electric vehicles’ charge similarly as shifting loads.

Figure 1.4 Vehicle-to-grid
concept with an aggregator that
centralizes control actions.
Dashed lines represent a
communication architecture with
the aggregator.




1.2 Continuous models

In bidirectional, the electric vehicle can inject power into the grid if required for
improving the operation. In any case, the model can become stochastic since
the state of charge of the vehicles can be unknown, and the aggregator does
not control the arrival/departing time of the vehicles!. The aggregator can also
incorporate economic dispatch and OPF models to manage other distributed
resources such as local batteries, solar panels, and wind turbines. Chapter 11
examines these problems.

1.2.7 Energy storage management

Modern power systems can integrate renewable energy and energy storage
devices through a virtual power plant (VPP), an entity that group and cen-
tralize the operation of distributed resources to be dispatched by the power
system operator. A VPP can encompass an entire region with different renew-
able sources and energy storage devices. It can also group other microgrids
along a distribution feeder.

There are at least two moments where optimization models are required:
day-ahead dispatch and real-time operation. Day-ahead dispatch corresponds
to the optimization model executed the day before the operation as an economic
dispatch model (see Section 1.2.1). This model must include the availability
of generation and consider a forecast of the primary resource (inflows, wind,
and solar radiance). Moreover, it gives the value power that the VPP opera-
tor undertakes on the day of the operation. During the operation, the VPP
requires satisfying operative constraints and correcting errors in forecasting the
primary resource. Again, a real-time algorithm is necessary for energy storage
management.

1.2.8 State estimation and grid identification

The problem of state estimation is classic in power systems. It is also a key com-
ponent in Supervisory Control And Data Acquisition (SCADA) systems. The
problem consists in determining the most probable state of the system from
redundant measurements and knowledge of the topology and electrical rela-
tions of the grid. When the variables to be measured are active and reactive
powers, a non-convex problem is obtained with the same degree of complexity
as the load flow. Modern technologies such as the phasor measurement units
(PMUs) allow to include direct measures of voltages and angles.

1 We incorporate uncertainty in the models using robust optimization. Chapter 6 is dedicated
to this aspect.

9
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The problem can be also formulated in power distribution networks and
microgrids, both AC and DC. Figure 1.5 shows, for example, a microgrid with
a centralized control. Each active element of the network can have both volt-
age and current measurement. We can use these measurements in order to find
the most likely state of the system based on the least squares model as shown
below:

r?‘i/n I-D"M@G-)D+@—u)TNuv-u)

I=YV (1.6)

Imi
Vmin S 14 S Vmax

where J, U are measurements of current and voltage, respectively; I, V' are the
corresponding estimations and M, N are diagonal matrices that represent the
weight of each measurement. The state estimation problem is closely related to
the optimal power flow. In fact, some authors call this problem as the inverse
power flow problem. The problem is studied in more detail in the second part
of the book (Chapter 12).

Another operation problem, closely linked to the state estimation, is the iden-
tification of the network. In this case, we have measurements of both voltages
and currents at different operating points. Our goal is to estimate the value
of the nodal admittance matrix from these measurements. In this case, the
optimization model is the following:

min (V) = 3 Il = YV} (1.7)

The decision variable is the nodal admittance matrix Y, and the objective
function is the norm of error between measurements and estimations?.

The model can include information about the structure of the matrix Y. For
example, we already know that the matrix is symmetric and, some of its entries
are zero. In that case, the optimization model is the following:

. 1
min (¥) = S Il - YV,

yij =yji’ Vl’] (18)

¥ij =0, if i is not connected toj

2 Itis usual to consider the Frobenius norm as explained in Chapter 12.
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Figure 1.5 Example of a microgrid with a centralized control/measurement in the
aggregator.

Both AC and DC grids may handle this type of estimation. In this case, we
only presented the DC case because it is easier to develop. The entire model
must be implemented in an aggregator structure, as depicted in Figure 1.5.

1.3 Binary problems in power systems operation

Some of the problems previously described are binary. These problems appear
in electrical systems, both in the planning and the operation stages. In the
planning stage, the problems of transmission expansion planning and distri-
bution planning are typical. Heuristic techniques usually solve these prob-
lems together with mixed-integer programming approximations [3]. Although
mixed-integer problems are non-convex, they can be solved efficiently using

methodologies such as the branch-and-bound algorithm. We present a brief

introduction of this method in Chapter 4. Besides, several modules can be called
from Python to solve these types of problems. We used Gurobi and Mosek

11
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for this task, although there are plenty of options available. Binary operation
problems include unit commitment and phase balancing in power distribution
networks.

1.3.1 Unit commitment

As aforementioned, the unit commitment problem consists in determining the
order of starting and stopping of the thermal units, taking into account the costs
of turning-ON and turning-OFF, as well as the starting ramps. The optimization
model is similar to the economic dispatch, but in this case, there are binary vari-
ables s related to the state ON or OFF of each thermal unit. The most simplified
model is presented below:

min Y f(p) + 2, h(s)
> pk=pp

r(s) <0 (1.9)
PrminSk < Pk < PrmaxSk
Sk € {0, 1}

where f represents operative costs, h are costs of turning-ON and turning-OFF,
r are starting ramps, and pin, Pmax ar€ the operation limits of each unit. Binary
problems are usually difficult; however, it is possible to find either convex
approximation or MILP equivalents as presented in Chapter 5.

1.3.2 Optimal placement of distributed generation and capacitors

We can use the same convex approximations of the optimal power flow problem
in problems such as the optimal placement of distributed generation in power
distribution networks. The problem consists of determining the placement and
capacity of distributed generation, subject to physical constraints, such as volt-
age regulation and transmission lines’ capacity. Besides, the problem includes
binary constraints related to the placement of the distributed generation. The
objective function is usually total power loss, although other objectives, such
as reliability and optimal costs, are also suitable.

Another binary problem closely related to the OPF is the optimal placement
of capacitors. In this problem, fixed or variable capacitors are placed along
the primary feeder to minimize power loss. The capacitors’ location and the
number of fixed capacitors in each node are binary variables considered in
the model. Chapter 11 examines the optimal placement of capacitors and the
optimal placement of distributed generation.
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1.3.3 Primary feeder reconfiguration and topology identification

The topology of a grid is not constant, especially in power distribution net-
works. There are several sectionalizing switches along with the primary feeders
that permit transferring load among circuits. A feeder reconfiguration is an
operating model that determines the optimal topology to minimize power loss.
This model is non-linear, non-convex, and binary. In addition, it has a con-
straint related to the connectivity and radiality of the graph that is tricky to
represent in equations. All these aspects are studied in Chapter 11.

Like the state estimation is the inverse of the optimal power problem, there
is a problem that can be considered as the inverse of the primary feeder recon-
figuration. It is the topology identification in power distribution grids, which
takes measurements of current and voltages in different parts of the grid and
determines the state of each sectionalizing switch. This problem is studied in
Chapter 12.

1.3.4 Phase balancing

Phase balancing is a combinatorial problem that consists of phase swapping of
the loads and generators to reduce power loss. Despite being a classic problem,
it is still relevant since the unbalance is a common phenomenon in micro-
grids, especially when single-phase photovoltaic units are included. Because
it is a combinatorial problem, phase balancing requires heuristic algorithms
with high computational effort. However, it is possible to generate simplified
instances of the problem, as presented in Chapter 13.

Each three-phase node has six possible configurations as depicted in
Figure 1.6. The problem consists of defining the phase in which each load or
generator is connected in order to reduce the grid’s total losses. Therefore, the
problem is combinatorial since there are 6" possible configurations, where n
is the number of three-phase nodes. The problem is nontrivial even in small
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Figure 1.6 Set of possible configurations in a three-phase node.
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networks; for example, a microgrid with 10 nodes will have 6 x 107 possible
configurations.

Phase-balancing problems appear in many applications such as aircraft elec-
tric systems [4], and in power distribution grids with high penetration of
electric vehicles [5]. Due to its combinatorial nature, the problem necessitates
the use of heuristics [6], and meta-heuristics [7] as well as expert systems
[8]. Modern approaches include the uncertainty associated to the load and
generator [9].

1.4 Real-time implementation

A receding horizon control can implement most of the optimization algorithms
presented in this book. Figure 1.7 depicts the main architecture for this sim-
ple but powerful strategy, for real-time implementation of operation models.
These optimization models may be the optimal power flow, economic dispatch,
energy storage management, or a mixed model that includes multiple models.
An unbiased forecast predicts variables such as wind speed, solar radiation, and
power demand. Moreover, a state estimator gives accurate measurements of the
system variables.

Equation (1.10) represents the optimization model, where x is the vector
of decision variables for each time ¢, and « are the parameters predicted by the
forecast module. Of course, this forecast may change since renewable resources
and loads may be highly variable in modern power systems. Therefore, the
optimization model must be continuously executed and the solution updated.

min f(x,a)

x€Q (1.10)

Optimization Forecast
model module

State Power
estimation system

Figure 1.7 A possible architecture for implementing an optimization model for
power systems operation.
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In many cases, the forecast has an error that introduces uncertainty in the
model. Either stochastic or robust optimization is a suitable option to face this
uncertainty. Chapter 6 presents the latter option.

1.5 Using Python

Python is a general programming language that is gaining attention in power
systems optimization. Although it is neither a mathematical software nor an
algebraic modeling language, it has many free tools for solving optimization
problems. Moreover, there are many other tools for data manipulation, plot-
ting, and integration with other software. Hence, it is a convenient platform for
solving practical problems and integrate different resources?.

We use a module named CvxPy [10] that allows to solve convex and mixed-
integer convex optimization problems; this module, together with NumPy,
MatplotLib, and Pandas, forms a robust platform for solving all types of opti-
mization problems in power systems applications. Let us consider, for instance,
the following optimization problem:

min ¢’

dix=1 (1.11)

i

X

xiZO

where x € R® and ¢ = (5,3,2,4,8,7)". A model in CvxPy for this problem
looks as follows:

import numpy as np
import cvxpy as cvx
c = np.array([5,3,2,4,8,7])

x = cvx.Variable (6)

objective = cvx.Minimize(c.T * x)
constraints = [ sum(x) == 1, x >= 0]

Model = cvx.Problem(objective,constraints)

Model.solve ()

Without much effort, we can identify variables, the objective function, and con-
straints. This neat code feature is an essential aspect of Python and CvxPy.
After the problem is solved, we can make additional analyses using the same
platform. This combination of tools is, of course, a great advantage; however,
we must avoid any fanaticism for software. There are many programming

3 See appendix C for a brief introduction to Python.

15



16

1 Power systems operation

languages and many modules for mathematical optimization. What is learned
in this book may be translated to any other language. The problem is the same,
although its implementation may change from one platform to another.

We made a great effort in making the examples as simple as possible (we call
them toy-models). This approach allows us to understand each problem indi-
vidually and do numerical experiments. Real operation models may include
different aspects of these toy-models; for instance, they may combine economic
dispatch, optimal power flow, and state estimation. These models are highly
involved with thousands of variables and constraints. Nevertheless, they can
be solved using the same paradigm presented in this book.
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A brief introduction to mathematical optimization

Learning outcomes

By the end of this chapter, the student will be able to:

o Establish first-order conditions for locally optimal solutions.

e Solve unconstrained optimization problems, using the gradient
method, implemented in Python.

e Solve equality-constrained optimization problems, using Newton’s
method implemented in Python.

2.1 About sets and functions

Sets and functions are familiar concepts in mathematics. A set is a well-defined
collection of distinct objects, considered an object in its own right. A function
is a map that takes objects from one set (i.e., input or domain) and returns an
object in another set (i.e., output or image). An optimization problem consists
of finding the best object in the output set and its corresponding input, as shown
schematically in Figure 2.1. The input set Q is called the set of feasible solutions,
and the best object corresponds to a minimum or a maximum, according to an
objective function f : Q CR" - R.

Solving an optimization problem implies not only to find the value of the
objective function (e.g., fmin OF fmax) but also the value x, at the input set Q
(e.8., Xmin> Xmax)- These values are represented as follows:

min f(X) = fmin’ max f(X) = fmax (21)

x€eQ xX€EQ

argmin f(x) = Xpin, argmax f(x) = Xpax 2.2)
X€Q X€Q

Mathematical Programming for Power Systems Operation: From Theory to Applications in
Python. First Edition. Alejandro Garcés.

© 2022 by The Institute of Electrical and Electronics Engineers, Inc. Published 2022 by John
Wiley & Sons, Inc.
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Figure2.1 Representation
of the sets related to a 7 Smax
general optimization f
problem.
T fmin

Q, input set, domain, or set
offeasible solutions

output set or image
Notice that f;, and f .« are numbers whereas x,;, and x,,,, are vectors. The
following example shows the difference between min and argmin (the same
applies for max and argmax).

Example 2.1. Let us consider four simple optimization problems and their
respective solution, namely':

min(x — 5)?> =0, argmin(x — 5)? = 5 (2.3)
min(x — 5)? = 25, argmin(x — 5)2 = 10 (2.4)
X>10 X210

min(x — 5%+ (y —8)? =0, argmin(x —5?%+ (y—8)*=1[58] (2.5)
min cos(x) = —1, argmin cos(x) = 7 or 37 or 57 or ... (2.6)

As aforementioned, the operator min returns a number while the operator
argmin can return a vector. Two or more points could produce the same
minimum. In that case, the argmin is not unique. e

But, what exactly does it mean the best solution? And, what characteristics
should have both the sets and the functions involved in the problem? Some
mathematical sophistication is required to answer these questions. Finding the
best solution in a set implies comparing one element with the rest of the set
elements. A comparison is a relation of the form x <y or x > y. However, not
all sets allow these types of comparisons; those that enable it are called ordered
sets. For instance, the real numbers and the integer numbers are all ordered
set. However, complex numbers are non-ordered because such a comparison is
not possible (what number is higher: z, =1+ jorzzg =1—j?).

The objective function establishes a criterion of comparison. Therefore, its
output must be an ordered set. Nevertheless, the input set may be ordered
or non-ordered; it depends on the problem’s representation. For example, the
optimal power flow in power distribution networks targets an ordered set since

1 Atthis point, the only tool we have to check these results is plotting the function and locating
the optimum.
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the active power losses belongs to the real numbers; however, the input may be
represented as a vector (v,8) € R>" or as a set of phasors (ve/® € C"). The
former is an ordered set, whereas the latter is non-ordered. Other possible rep-
resentations can be the set of positive definite matrices or positive polynomials,
as presented in Chapter 10. In conclusion, the objective function must point to
an ordered set, but the input set (i.e., the set of feasible solutions) can be any
arbitrary set.

We usually compare values in the output set since our objective is to mini-
mize or maximize the objective function. It is also possible to compare values
in Q when it is an ordered set. However, a comparison between elements of the
input set may be different in the output set. A function f is monotone (or mono-
tonic) increasing, if x < y implies that f(x) < f(y), that is to say, the function
preserves the inequality. Similarly, a function is monotone decreasing if x <y
implies that f(x) > f(»), that is to say, the function reverses the identity.

Example 2.2. The function f(x) = x? is not monotone; for example —3 < 1
but f(—3) £ f(1). Nevertheless, the function is monotone increasing in R,.. In
this set, 4 < 8 implies that f(4) < f(8) since both 4 and 8 belong to R, .

An ordered set Q € R" admits the following definitions:

e Supreme: the supreme of a set, denoted by sup(Q2), is the minimum value
greater than all the elements of Q.

o Infimum: the infimum of a set, denoted by inf(Q), is the maximum value
lower than all the elements of Q.

The supreme and the infimum are closely related to the maximum and the
minimum of a set. They are equal in most practical applications. The main
difference is that the infimum and the supreme can be outside the set. For
example, the supreme of the set Q = {x : 3 < x < 5} is 5 whereas its maximum
does not exists. It may seem like a simple difference, but several theoretical
analyzes require this differentiation.

Some properties of the supreme and the infimum are presented below:

sup fGo) = —inf — f(x) 2.7)

sup - fx)=a- sup J(x) (2.8)

sup {f(0)+g()} < sup f&)+ sup 8g(x) (2.9)
sup {f+at=a+ sup Fx) (2.10)

Moreover, the last case implies that:

X = argmin {f(x) + a} = argmin {f(x)} (2.11)
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That is to say, the value of x that minimizes the function f(x) + « is the same
value that minimizes f(x); for this reason, it is typical to neglect the constant
«a in practical problems.

Example 2.3. Table 2.1 shows some examples of maximum, minimum,
supreme, and infimum. e

Table 2.1 Bounds of some ordered sets.

Set sup max inf min
Q, =1{1,2,3,4} 4 4 1 1
Q={xeR:1<x<2} 2 2 1 1
Q={xeR:3<x<8 8 8 3 -
Q={xeR:2<x<9 9 - 2 2
Qs={xeR: 4<x<7t 7 - 4 -

2.2 Norms

In many practical problems, we may be interested in measuring the objects
in a set, either as an objective function or as a way of analyzing solutions. A
norm is a geometric concept that allows us to make this measurement. The
most common norm is the Euclidean distance given by Equation (2.12)

lIxll = /%7 + X3 + ... x; (2.12)

However, this function is not the only way to measure a distance. In general,

we can define a norm as a function ||-|| : Q — R that fulfills the following
conditions:

x|l > 0 Vx € Q—{()’} (2.13)

Ixl[ =0 x=0 (2.14)

lleex|l = ] [|]] (2.15)

lIx + Il < [lxll + Iyl (2.16)

The first two conditions indicate that a norm must return a positive value,
except when the input is the vector 0. The third condition indicates that it is
scalable; for example, the norm must be twice the original vector’s norm if we
multiply all the vector entries by 2. The last condition, known as the triangle
inequality, is a generalization of the triangles’ property (therein lies its name).
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The sum of any two sides’ lengths is greater (or equal) to the remaining side’s
length. This property is intuitive for the Euclidean norm, but surprisingly it is
general for many other functions, such as Equation (2.17):

1/p
lxll, = (Z Ixilp) (2.17)

This function is known as p-norm, where p > 1. Three of the most common
examples of p-norms in R" have a well-defined representation, as presented
below:

lxll, = D 1] (2.18)
i

Ixll, = /%2 (2.19)

lIx]l, = sup |x;] (2:20)
A

The Euclidean distance is equivalent to a 2-norm whereas 1-norm, also known
as Manhattan distance, consists in measuring the distance along axes at right
angles (see Figure 2.2b), and infinity-norm or uniform norm, takes the max-
imum distance along axes as shown in Figure 2.2c). In general, ||x||, <
llx|l, < llx|l,- All of these norms are suitable ways to measure vectors in
the space.

We can use a norm to define a set given by all the points at a distance less or

equal to a given value r, as given in Equation (2.21).
B={xeR": |x|]|<r} (2.21)

This set is known as a ball of radius r. Figure 2.3 shows the shape of unit balls
(i.e., balls of radius 1), generated by each of the three previously mentioned
norms.

v=(3,2) v :.(3, 2)

2> 2”
\\0\\\ \\\)\\G‘J
b) o]

Figure 2.2 Three ways to measure the vector v = (3,2) in R2: a) 2-norm or Euclidean
norm, b) 1-norm or Manhattan distance, c) infinity-norm or uniform norm.
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X2

X2
/ -A 1 e 1
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Figure 2.3 Comparison among unit balls defined by norm-2, norm-1, and norm-co.

X1

A
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Notice that a ball is not necessarily round, at least with this definition. All
balls share a common geometric property known as convexity that is studied in
Chapter 3.

2.3 Global and local optimum

Let us consider a mathematical optimization problem represented as
Equation (2.22).

min f(x, §) (2.22)

where f : R" — R is the objective function, x are decision variables, Q is the
feasible set, and 8 are constant parameters of the problem.

A point X is a local optimum of the problem, if there exists an open set V' (%),
named neighborhood, that contains % such that f(x) > f(X), Vx € N(X).
If N = Q then, the optimum is global. Figure 2.4 shows the concept for two
functions in R with their respective neighborhoods V.

There are two local minima in the first case, whereas there is a unique global
minimum in the second case. This concept is more than a fancy theoretical
notion; what good is a local optimum if there are even better solutions in
another region of the feasible set? In practice, we require global or close-to-
global optimum solutions.

On the other hand, several points may be optimal, as shown in Figure 2.5.
In that case, all the points in the interval x; <x <x, are global optima.
Thus, the question is not only if the optimal point is global but also
if it is unique. Both globality and uniqueness are geometrical ques-
tions with practical implications, especially in competitive markets. Con-
vex optimization allows naturally answering these questions as explained in
Chapter 3
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a) J(x) b) f(x),

[

|
\\Nl !
N py

~ -

Figure 2.4 Example of local and global optima: a) function with two local minima
and their respective neighborhoods, b) function with a unique global minimum (the
neighborhood is the entire domain of the function).

fx), Figure 2.5 Example of a
function with several optimal
points.

f ==

2.4 Maximum and minimum values of continuous
functions

It is well-known, from basic mathematics, that the optimum of a continuous
differentiable function is attached when its derivative is zero. This fact can be
formalized in view of the concepts presented in previous sections. Consider a
function f : R — R with a local minimum in X. A neighborhood is defined as
N={xeR:x=2%=+t,]|t| <ty} with the following condition:

JExn 2z f(%)

where ¢ can be positive or negative. If ¢ > 0, then Equation (2.23) can be divided
by ¢t without modifying the direction of the inequality, to then take the limit

(2.23)
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when t — 0+ as presented below:

ﬁmw >0

JHim : (2.24)

The same calculation can be made if t < 0, just in that case, the direction of the

inequality changes as follows:
F 40— (3

i LEE0 1)

t—0—

(2.25)

Notice that this limit is the definition of derivative; hence, f'(X) > 0 and
f'(x) < 0. These two conditions hold simultaneously when f’(%) = 0. Con-
sequently, the optimum of a differentiable function is the point where the
derivative vanishes. This condition is local in the neighborhood V.

This idea can be easily extended to multivariable functions as follows: con-
sider a function f : R" — R type C! (continuous and differentiable) and
a neighborhood given by N' = {x € R" : x = X + Ax} with Ax € B,. Now,
define a function g(t) = f(% + tAx). If X is a local minimum of f, then

J(&+1tAx) > f(X) (2.26)

In terms of the new function g, Equation (2.26) leads to the following
condition:

g(t) = g(0) (2.27)
This condition implies that 0 is a local optimum of g; moreover,

g/(o) = lim f(x + tA-tx) - f(x)

t—0+

= (Vf(x)' Ax (2.28)

Notice that g is a function of one variable, then optimal condition g’(0) = 0 is
met, regardless the direction of Ax. Therefore, the optimum of a multivariate
function is given when the gradient is zero (V f (%) = 0). This condition permits
to find local optimal points, as presented in the next section. Two questions
are still open: in what conditions are the optimum global? And, when is the
solution unique? We will answer these relevant questions in the next chapter.
For now, let us see how to find the optimum using the gradient.

2.5 The gradient method

The gradient method is, perhaps, the most simple and well-known algorithm
for solving optimization problems. Cauchy invented the basic method in the
19th century, but the computed advent leads to different applications that
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encompass power systems operation and machine learning. Let us consider the
following unconstrained optimization problem:

min f(x) (2.29)

where the objective function f : R" — R is differentiable. The gradient V f(x)
represents the direction of greatest increase of f. Thus, minimizing f implies to
move in the direction opposite to the gradient. Therefore, we use the following
iteration:

X« x—tVf(x) (2.30)

The gradient method consists in applying this iteration until the gradient is
small enough, i.e., until ||V f(x)|| < e. It is easier to understand the algorithm
by considering concrete problems and their implementation in Python, as given
in the next examples.

Example 2.4. Consider the following optimization problem:
min f(x,y) = 10x? + 15y% + exp (x + y) (2.31)

The gradient of this function is presented below:

20x + exp(x +y)
\% ,Y) = 2.32
Feey < 30y + exp(x +y) (2.32)
We require to find a value (x, y) such that this gradient is zero. Therefore, we
use the gradient method. The algorithm starts from an initial point (for example

Xx =10,y = 10) and calculate new points as follows:

0

X« Xx— t—f (2.33)
ox
of

This step can be implemented in a script in Python, as presented below:

import numpy as np

x = 10
y =10
t = 0.03

for k in range (50):

dx = 20*x + np.exp(x+y)

dy = 30*xy + np.exp(x+y)

X += —txdx

y +t= —txdy

print (‘grad:’,np.abs ([dx,dy]))
print (' argmin:’, x,y)
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In the first line, we import the module NumPy with the alias np. This mod-
ule contains mathematical functions such as sin, cos, exp, In among others.
The gradient introduces two components dx and dy, which are evaluated in
each iteration and added to the previous point (x,y). We repeat the process 50
times and print the value of the gradient each iteration. Notice that all the
indented statements belong to the for-statement, and hence the gradient is
printed in each iteration. In contrast, the argmin is printed only at the end of the
process. e

Example 2.5. Python allows calculating the gradient automatically using the
module AutoGrad. It is quite intuitive to use. Consider the following script,
which solves the same problem presented in the previous example:

import autograd.numpy as np
from autograd import grad # gradient calculation
def f(x):
z = 10.0*x[0]*%x2 + 15%xx[1]*%2 + np.exp(x[0]+x[1]
return z
g = grad(f) # create a funtion g that returns the gradient
X = np.array([10.0,10.0])
t 0.03
for k in range (50):
dx = g(x)
X = X —txdx
print (' argmin:’, x)

In this case, we defined a function f and its gradient g where (x,y)
was replaced by a vector (x,x;). The module NumPy was loaded using
autograd.numpy to obtain a gradient function automatically. The code
executes the same 50 iterations, obtaining the same result. The reader
should execute and compare the two codes in terms of time calculation and
results. e

Example 2.6. Consider a small photovoltaic system formed by three solar pan-
els A, B, and C, placed as depicted in Figure 2.6. Each solar system has a power
electronic converter that requires to be connected to a common point E before
transmitted to the final user in D. The converters and the user’s location are
fixed, but the common point E can be moved at will. The coordinates of the
solar panels and the final user are A = (0,40), B = (20, 70), C = (30,0), and
D = (100, 50), respectively.

The cost of the cables is different since each cable carries different current.
Our objective is to find the best position of E in order to minimize the total cost
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A

EHEHDEH

Figure 2.6 A small photovoltaic system with three solar panels.

of the cable. Therefore, the following unconstrained optimization problem is
formulated:

min f = costE”EH +costﬁHﬁH +costC—EH@H costﬁHﬁ” (2.35)

where cost;; is the unitary cost of the cable that connects the point i and j, and
ﬂLls the corresponding length.
e costs of the cables are costzz = 12, costzz = 13, costzz = 11, and
costyz = 18. The distance between any two points U = (ug, u;) and V = (v, v;)
is given by the following expression:

dist = \/(uo —Up)? + (u; —vy)? (2.36)

This equation is required several times; thus, it is useful to define a function, as
presented below:

import numpy as np

A = (0,40)
B = (20,70)
Cc = (30,0)
D = (100,50)

def dist (U,V):
return np.sqrt ((U[0]-V[0])**2 + (U[1]-V[1])~**2)

P = [31,45]
f = 12xdist (P,A) + 13%dist(P,B) + 1lxdist(P,C) + 18xdist (P,D)

print (f)
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The function is evaluated in a point P = (10, 10) to see its usage?. The value
of the objective function is easily calculated as function of dist(U, V). Likewise,
the gradient of f is defined as function of the gradient of dist(U, V) with V fixed,
as presented below:

. _ 1 Uy — Uy
Vdist(U,V) = OV ( ‘o ) (2.37)

then,
Vf(x) =12V dist(x, A) + 13V dist(x, B) + 11V dist(x, C)+
18V dist(x, D) (2.38)

These functions are easily defined in Python as follows:

def g_d(U,V):
"gradient of the distance"
return [U[0]-VI[0],U[1]-V[1]]/dist (U,V)

def grad_f(E):
"gradient of the objective function"
return 12xg_d(E,A)+13xg_d(E,B)+11lxg_d(E,C)+18%g_d(E,D)

Now the gradient method consists in applying the iteration given by
Equation (2.30), as presented below:

t =0.5
E = np.array([10,10])
for iter in range (50):
E = E -txgrad_£f (E)
f = 12+«dist (E,A) + 13%dist(E,B) + 1l+dist(E,C) + 18+dist (E,D)
print ("Position:",E)
print ("Gradient",grad_£f (E))
print ("Cost", £f)

In this case, t = 0.5 and a initial point E = (10, 10) with 50 iterations were
enough to find the solution. The reader is invited to try with other values and
analyze the effect on the algorithm’s convergence. e

The step ¢ is very important for the convergence of the gradient method. It can
be constant or variable, according to a well-defined update rule. There are many
variants of this algorithm, most of them with sophisticated ways to calculate
this step®. A plot of ||V f]| versus the number of iterations may be useful for

2 Notice P is defined in a line outside the function definition. Recall that x? is represented as
x*x2 in Python (see Appendix C)

3 A complete discussion about the calculation of ¢ is beyond this book’s objectives. Interested
readers can consult the work of Nesterov and Nemirovskii, in [11] and [12].
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determining the optimal value of t and showing the convergence rate of the
algorithm, as presented in the next example. We expect a linear convergence
for the gradient method, although the algorithm can lead to oscillations and
even divergence if the parameter ¢ is not selected carefully. Fortunately, there
are modules in Python that make this work automatically.

Example 2.7. The convergence of the algorithm can be visualized by using the
module MatplotLib as follows:

import matplotlib.pyplot as plt

t =0.5

conv = []

E = [10,10]

for iter in range (50):
E += - txgrad_f (E)

conv += [np.linalg.norm(grad_f (E)) ]
plt.semilogy (conv)
plt.grid()
plt.xlabel ("Iteration")
plt.ylabel ("|Gradient|")
plt.show ()

The result of the script is shown in Figure 2.7. As expected, the convergence
rate is linear; that is to say, the convergence plot describes almost a line in
a semi-logarithmic scale. The value of ¢ can be used as convergence criteria
(a gradient |[Vf|| < 107 can be considered as the local optimum for this
problem).

Notice that addition was simplified by the statement +=. In general, an state-
ment such as x=x+1 is equivalent to x+=1. More details about this aspect are
presented in Appendix C. e

e(pu)

1073

0 10 20 30 40 50
iteration

Figure 2.7 Convergence of the gradient method.
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2.6 Lagrange multipliers

Reality imposes physical constraints into the problems and these constraints
must be considered into the model. For example, an optimization model may
include equality constraints, as presented below:

min f(x)
gx)=a (2.39)

For solving this problem, a function called lagrangian is defined as follows:
L(x,4) = f(x) + Aa - g(x)) (2.40)

This new function depends on the original decision variables x and a new
variable A, known as Lagrange multiplier or dual variable. By means of the
lagrangian function, a constrained optimization problem was transformed
into an unconstrained optimization problem that can be solved numerically,
namely:

0L of 6g

E = a 8x =0 (2.41)
0L

2 o a—gx) = 2.42
57 = ¢ g(x)=0 (2.42)

by a small abuse of notation, d f /dx is used instead of V f, which is the formal
representation for the n-dimentional case, (the same for £ and g). Notice that
the optimal conditions of £ imply optimal solution in f but also feasibility in
terms of the constraint.

The first condition implies that the gradient of the objective function must
be parallel to the gradient of the constraint and, the Lagrange multiplier is
the proportionality constant. Besides this geometrical interpretation, Lagrange
multipliers have another interesting interpretation. Suppose a local optimum
X is found for a constrained optimization problem, and we want to know the
sensibility of this optimum with respect to a. The following derivative can
be calculated, relating the change of the objective function with respect to a
change in the constrain:

% (BE) Gaana(-F)E)  eo

(gi ﬂgi)( >+( —g(x))( ) (2.44)

1 (2.45)
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The first two terms in the right-hand side of the equation vanishes, in view of
the optimal conditions of X; thus, the following expresion is obtained:

0L
~ da
this means that A is the variation of the lagrangian (and hence the objective

function), for a small variation on the parameter a (see Chapter 3 for more
details about dual variables).

A (2.46)

Example 2.8. Consider the following optimization problem
min x2 + y?
x+y=1 (2.47)

If the problem were unconstrained, the solution would be x = 0,y = 0;
however, the solution must fulfill the constraint x + y = 1. Therefore, a new
function is defined as follows:

L(x,y,)=x*+y*+ A1 —-x—y) (2.48)

with the following optimal conditions

2x—1=0 (2.49)
2y—1=0 (2.50)
1-x—-y=0 (2.51)

This is a linear system of equation with solution x = 1/2,y =1/2,and1 =1
that constitutes the optimum of the problem. e

2.7 The Newton’s method

The optimal conditions for both constrained and unconstrained problems con-
stitute a set of algebraic equations S(x) for the first case and S(x, 1) for the
second case. This set can be solved using Newton’s method*.

Consider a set of algebraic equations S(x) = 0 where S : R" — R"is
continuous and differentiable. Thus, the following approximation is made:

S(x) = S(xy) + J(xg)Ax (2.52)

where J is the Jacobian matrix of S and Ax = x — Xx,. This constitutes
the first-order approximation of S around a point X,; finding the zero of

4 Again, a classic method that became more important with the advent of the computer.
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S means to approximate successively the solution by using the following
iteration:
Ax « [J(x)]71S(x) (2.53)
X < X —Ax (2.54)

This iteration is the primary Newton’s method. Compared to the gradient
method, this method is faster since it includes information from the second
derivative. In addition, Newton’s method does not require defining a step ¢ as
in the gradient method. However, each iteration of Newton’s method is com-
putationally expensive since it implies the formulation of a jacobian and solves
a linear system in each iteration.

Example 2.9. Consider the following optimization problem:
min 10x2 + 15y + exp(x + y)
x+y=>5 (2.55)
Its corresponding lagrangian is presented below:
L(x,y,4) =10x? +15y* +exp(x +y) + A(5—x —y) (2.56)
and the optimal conditions forms the following set of algebraic equations:

20x +exp(x+y)—A=0
S(x,y,A) =1 30y +exp(x+y)—1=0 (2.57)
5—-x—-y=0

The corresponding Jacobian is the following matrix:

20 + exp(x + y) exp(x +y) -1
J= exp(x +y) 30+exp(x+y) -1 (2.58)
-1 -1 0

It is possible to formulate Newton’s method using the information described
above. The algorithm implemented in Python is presented below:

import numpy as np
def Fobij(x,vy):
"Objective funcion"
return 10xxxx2 + 15*yx*2 + np.exp(x+ty)

def Grad(x,y,z):
"Gradient of Lagrangian"

dx = 20xx + np.exp(x+y) + z

5 The jacobian matrix of S is equivalent to the hessian matrix of f.
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dy = 30*xy + np.exp(x+y) + z
dz = x +y - 5
return np.array ([dx,dy,dz])

def Jac(x,y,z):
"Jacobian of Grad"
P = np.exp(x+y)
return np.array([[20+p,p,1], [P,30+p,1]1,[1,1,0]11)

(x,y,2) = (10,10,1) # initial condition
G = Grad(x,y,z)
while np.linalg.norm(G) >= 1E-8:

J = Jac(x,y,z)

step = -np.linalg.solve (J,G)

(x,y,2) = (x,y,2) + step

G = Grad(x,y,z)

print (' Gradient: ’,np.linalg.norm(G))
print (' Optimum point: ’, np.round([x,y,z],2))
print (' Objective function: ', Fobj(x,y))

In this case, we used a tolerance of 1073, The algorithm achieves convergence
in few iterations, as the reader can check by running the code. e

2.8 Further readings

This chapter presented basic optimization methods for constrained and uncon-
strained problems. Conditions for convergence of these algorithms were not
presented here. However, they are incorporated into modules and solvers called
for a modeling/programming language such as Python. Our approach is to use
these solvers and concentrate on studying the characteristics of the models.
Readers interested in details of the algorithms are invited to review [12] and
[11], for a formal analysis of convergence; other variants of the algorithms can
be found in [13]. Moreover, a complete review of Lagrange multipliers can be
studied in [14].

This chapter is also an excuse for presenting Python’s features as program-
ming and modeling language. The reader can review Appendix C for more
details about each of the commands used in this section.

2.9 Exercises

1. Find the highest and lowest point, of the set given by the intersection of the
cylinder x? + y? < 1 with the plane x +y + z = 1, as shown in Figure 2.8.
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Figure 2.8 Intersection of an affine space %4
with a cylinder.

Zmax
Zmin
X / \

y

2. What is the new value of z,, and z,;,, if the cylinder increases its radius
in a small value, that is, if the radius changes from (r = 1) to (r = 1 + Ar)
(Consider the interpretation of the Lagrange multipliers).

3. The following algebraic equation gives the mechanical power in a wind
turbine:

P= %pACp(/l)lﬁ (2.59)

where P is the power extracted from the wind; p is the air density; C), is
the performance coefficient or power coefficient; A is the tip speed ratio;
v is the wind velocity, and A is the area covered by the rotor (see [15] for
details). Determine the value of A that produce maximum efficiency if the
performance coefficient is given by Equation (2.60):

151 —-18.4
Cp,=073 (T - 13.2) exp (T) (2.60)

Use the gradient method, starting from 4 = 10 and a step of ¢t = 0.1. Hint:
use the module SymPy to obtain the expression of the gradient.
4. Solve the following optimization problem using the gradient method:

min f(xy, x;) = (xo — 10)? + (x, — 8)? (2.61)

Depart from the point (0, 0) and use a fixed step ¢t = 0.8. Repeat the problem
with a fixed step t = 1.1. Show a plot of convergence.
5. Solve the following optimization problem using the gradient method.

min f(x) = %(x —1,)TH(x—1,)+bx (2.62)

where 1, is a column vector of size n, with all entries equal to 1; b is a
column vector such that b, = kn?; and H is a symmetric matrix of size
n X n constructed in the following way: hy,, = (m + k)/2 if k # m and



10.

2.9 Exercises

hgm = n? + nif k = m. Show the convergence of the method for different
steps t and starting from an initial point x = 0. Use n = 10, n = 100, and
n = 1000. All index k or m starts in zero.

. Show that Euclidean, Manhattan, and uniform norms fulfill the four con-

ditions to be considered a norm.

. Consider a modified version of Example 2.6, where the position of the com-

mon point E must be such that x; = yg. Solve this optimization problem
using Newton’s method.

. Solve the problem of Item 4 with the following constraint (use Newton’s

method):
Xo+3x, =5 (2.63)
. Solve problem of Item 5 including the following constraint (use Newton’s
method):
1Ix=1 (2.64)

Newton’s method can be used to solve unconstrained optimization prob-
lems. Solve the following problem using Newton’s method and compare
the convergence rate and the solution with the gradient method.

min (x + 3y + 1)2 + %(x —2y)* (2.65)
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3

Convex optimization

Learning outcomes

By the end of this chapter, the student will be able to:

o ldentify convex functions, convex sets, and convex optimization
problems.

e Recognize when a problem has global optimum and unique solution.

e Formulate and solve a dual problem.

3.1 Convex sets

The set of feasible solutions of an optimization problem, henceforth feasible
set, may have different shapes and properties. It can be open or close, dis-
crete or continuous, linear or non-linear. Each shape determines the type of
optimization problem. However, there are sets remarkably well-behaved for
optimization problems. These are the convex sets.

A set is convex if we can choose any pair of points within the set so that
the line that joins these points also belongs to the set. Figure 3.1 shows an
example of a convex and a non-convex set. In the first case, all the points in the
line X;x, belong to the set. In the second case, there are some points outside
the set.

It is easy to identify convex sets in R? and even in R3. We only require to draw
the set, and the property becomes evident. However, power systems operation
problems are usually in R”. Therefore, we require a systematic way to identify
convex sets.

Mathematical Programming for Power Systems Operation: From Theory to Applications in
Python. First Edition. Alejandro Garcés.

© 2022 by The Institute of Electrical and Electronics Engineers, Inc. Published 2022 by John
Wiley & Sons, Inc.
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Figure 3.1 Example of a convex set Q, and a non-convex set Q.

Example 3.1. Equations and inequalities usually define sets. Let us consider,
for instance, the following three sets, related to the 2-norm:

Qu={(xy) : x*+y* <1} (3.1)
Qp ={(x,y) : X2 +y* =1} (3.2)
Qe ={(x,y) : x> +y? > 1} (3.3)

The set Q4 is convex since any pair of points m, n generates a line whose points
belong to the set. The set Qp is not convex since it is defined only in the ball’s
boundary, and hence, any line segment will have points outside the set. The set
Q¢ is also non-convex since several points leave the set if we draw, for instance,
a line that passes the point (0, 0). Figure 3.2 shows a graphical representation
of each of these situations. Notice that we can be misled if we carelessly see the
equation. e

x2+y?<1 xX2+yr=1 x2+yr>1

Figure 3.2 Example of three different sets with a similar definition. Only the first set
is convex.



3.1 Convex sets

We might identify a convex set by a graph in R? or R3, as in the previous
example. However, most of the power systems problems are in R", where we
may not have a simple graphic representation. Therefore, we require a more
formal definition, namely: A set Q C R”" is convex if for any pair of points
X,y € Q we have that,

QA-Dx+iyeQ (34)

foranyAeR, 0<A1<1.

This definition allows determining if a set is convex in a general and system-
atic way. We only require to select two general points x and y that belong to the
set, and demonstrate that any point z in the segment Xy also belongs to the set
too. Let us perform this calculation algebraically, as presented in the following
example.

Example 3.2. Let us consider a set defined as Q = {x € R" : Ax = b}. This
set is called an affine set. Then, a point x € Q or y € Q must be such that
Ax = b and Ay = b. Let us consider now a point z between x and y, that is
z =(1—-2A)x + Ay, with 0 < 1 < 1. Then we have the following:

Ax=b 3.5)
Ay =b (3.6)
A1-DAX+AAy =1 -)b+2b 3.7)
Az=b (3.8)

The last equation implicates that z € Q and hence, Q is a convex set. Notice
that we do not select a particular point x or y. Our demonstration was general
for any pair of points.

An important property of convex sets is that the intersection of two
convex sets generates another convex set. However, the union of two
convex is not necessarily convex. Figure 3.3 shows an example of these
set-operations.

Figure 3.3 Union and
intersection of two convex

sets (a triangle and a ball). The
intersection is convex but the
union may be non-convex.

A N B (convex) A U B (non-convex)
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Fortunately, an optimization problem is given by the intersection of the sets
generated by their constraints. Consider, for instance, the following optimiza-
tion problem:

min f(x)
g(x) <o (3.9)
h(x) <0

This problem is equivalent to Equation (3.10),

min f(x) with x € Q (3.10)
where
Q={0, nQ} (3.11)
Q,={xeR": g(x) <0} (3.12)
Q,={xeR": h(x) <0} (3.13)

Therefore, it is enough to check that each constrain defines a convex set. We
show several classic examples of convex sets below.

Example 3.3. An affine set,isasubsetof R” givenby Q = {x € R" : Ax = b}.
This set is convex as demonstrated in Example 3.2. We prefer the term affine
instead of linear, since Q is not a linear space, unless b = 0 (a linear space must
contain the zero vector [16]). e

Example 3.4. A polytope is a set defined as follows:
P={xeR": Ax < b} (3.14)

where b is a vector and A is a matrix of proper size. It is easy to see that 2
is convex. Let us consider two points x € P and y € P, then, we have the
following results:

Ax<b (3.15)

Ay <b (3.16)
Now, let us define an intermediate point z = Ax + (1 — A)y with0 < 4 < 1,
then,

AMx+ (1 -1VAy <Ab+ (1 -A)b (3.17)

Az <b (3.18)

Therefore, z € P which means that 2 is convex. e



3.1 Convex sets

Example 3.5. The following set forms a polytope, as depicted in Figure 3.4:

2x +5y £10

2y—2x<1
x>0 (3.19)
y=0

This is a convex set that is represented as Equation (3.14) with the following
parameters:

2 5
A= _i _(2) (3.20)
0 -1
and,
b=(10100)" (3.21)
]
Example 3.6. A unit ball with center in zero is a set B, defined as follows:
By={xeR": x| <1} (3.22)

where ||-|| represents a norm in R”. Let us consider two points x € B, and
y € By, then we have that,

llxll <1 (3.23)
lIyll <1 (3.24)

Figure 3.4 Example of a polytope in
the plane.

2x + 5y <10
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Now, let us consider an intermediate point z = Ax + (1 —A)y with0 < 1 <1,
then we have the following result!:

llzIl = lIAx + (A = D)yl (3.25)
< Allxll+ @ =Dyl (3.26)
<b (3.27)

Therefore z € B, and consequently, B, is a convex set. The set Q4 as shown
in Figure 3.2) is a particular case of a unitary ball in R2. Notice that the set
M, ={x € R" : ||x|| > r}is not a convex set, for the same reasons exposed in
Example 3.1. e

In summary, the procedure to demonstrate convexity is straightforward: first,
we define two points in the set; then, we define an intermediate point; finally,
we demonstrate that this intermediate point belongs to the set. Let us see a final
example.

Example 3.7. An ellipsoid is a set given by
E={xeR": xTAx <1} (3.28)

where A is a symmetric positive definite matrix (i.e., all its eigenvalues are
positive). A set of this form is equivalent to a unit ball, as follows:

B={xeR": |x||, <1} (3.29)

with a norm ||-||, defined as Equation (3.30),

lx|l , = VxTAx (3.30)

We already demonstrated in the previous example that a unit ball is a convex
set. The reader is invited to demonstrate that Equation (3.30) is actually a norm,
if A is positive definite. e

Example 3.8. A second-order cone (SOC) is a convex set defined as follows:
SOC ={x € R" : ||Ax +b|| <c'x +d} (3.31)

where ||-|| represents the 2-norm; A is a square matrix; b and c are vectors
in R"; and d is a scalar. Second-order cones play a crucial role in the convex
approximations for the optimal power flow, as presented in Chapter 10. e

1 We used the properties of the norm, already explained in the previous chapter.
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a) b) \
(xl,ynm (xLy)e.

) (sz’z)

N
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A\

(x2’ yz)\ N

Figure 3.5 Comparison between a convex and a non-convex function.

3.2 Convex functions

As discussed in Chapter 2, an optimization problem is constituted by a feasible
set and an objective function. We already observed that the feasible set might
be convex. Now, we can extend this concept to the objective function.

A function f : R" — R is convex if fulfills the following inequality,
commonly known as Jensen’s inequality, for any pair of points x,y € R":

fAx+ 1 =Dy) <A+ A -Df ) (3.32)

where 0 < A4 < 1. If the inequality fulfills strictly, then the function is strictly
convex?. We say the function f(x) is concave if — f(x) is convex.

Figure 3.5 depicts a convex and a non-convex function. In case a) we can
draw a line between (x,, y;) and (x,, y,) but there are some parts of the function
that are above the line segment (i.e., the function is non-convex). In case b) we
can see that every point in the line segment is below the function itself. This
function is convex.

Example 3.9. A list of convex functions in R is presented in Figure 3.6. A con-
vex function is continuous but not necessarily derivable; for example, f(x) =
|x| is a convex function but it does not have derivative at x = 0. In addition, a
function might be convex only in certain domain; for instance, f(x) = — cos(x)
is convex, only for x € [-7/2,7/2]. e

There are three properties that are useful for defining and identifying convex
functions, especially in the general case of R".

2 This type of functions ensures uniqueness of the solution as will be presented in Section 3.4.
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f(x) ax f(x) ax?
a>0
’ |
f) f(x) ax
e
a>0 /
)ia In(x) — x
[0 f) IxI <
[x] X
| x \/cos(x)

Figure 3.6 List of common convex functions.

Property 1: The sum of two or more convex functions is also a convex func-
tion. However, the rest of convex functions is not necessarily
convex.

Property 2: The composition of a convex and an affine function is also a convex
function, e.g., f(Ax + b) is convex if f is convex.

Property 3: The composition of a convex function with a convex non-
decreasing function is also a convex function (see Figure 3.7).

Let us demonstrate the third property (the reader is invited to demonstrate the

first two properties). Consider a convex function f : R" — R, then it fulfills
Jensen’s inequality:

fAx+ 1 =Dy) <Af)+ A -Df ) (3:33)

f g

convex convex g(f(x)
monotonic
increasing

convex

Figure 3.7 Composition of a convex function and a convex non-decreasing function.
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Let us consider now, a function g which is monotonic increasing, then we can
apply this function to Equation (3.33) without modifying the direction of the
inequality:

g(f(Ax + (1= )y)) < g(Af(x) + 1 =) f () (3.34)

If g is also convex, then it is easy to see from Equation (3.34) that g(f(x)) fulfills
also the Jensen’s inequality and therefore, it is convex.

Example 3.10. The following functions are convex since they can be defined
as the sum of convex functions:

f(x)=3x+2e7* (3.35)
f(x) = 5x + 3x? (3.36)
f(x) = 8x% —In(x) (3.37)

Notice that the rest of convex functions is not necessarily convex. For example
f(x) = 5x — 3x? is non-convex. e

Example 3.11. The following functions are convex since they are the compo-
sition of a convex and an affine function:

fx) = HaTx + b“ (3.38)
f(x) = (a"x + b)? (3.39)
f(x)=—In(a"x+b) (3.40)

A

Example 3.12. The following function is convex since it is the composition of
a convex function x"x, and a convex/monotonic-increasing function exp(x):

f(x) = exp(xTx) (3.41)
A

3.3 Convex optimization problems

A convex optimization problem is a problem given by Equation (3.42),
min f(x)
xeQ (3.42)

where f is a convex function and Q is a convex set. The latter can be represented
in terms of equality and inequality constraints due to the properties already
defined in the previous section.
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Let us consider a function g : R” — R and define a new set known as the
epigraph of g, as follows:

epi(g,t) ={x e R" : g(x) <t} (3.43)

A function is convex if and only if its epigraph is convex. This property is very
useful to identify convex sets and convex functions. For instance, the set Q4
in Example 3.1 is convex since the function f(x,y) = x? + y? is a convex
function.

Example 3.13. An optimization problem of the form
min f(x) (3.44)

can be transformed using the epigraph into the following problem:

min ¢
fx) <t (3.45)
This model is convex if f is convex. e

In general, a set of equations of the form g;(x) < 0 can be represented as the
intersections of the epigraphs of g; with t = 0, namely:

Q= ﬂ epi(g;, 0) (3.46)

Recall that the intersection of convex sets is also a convex set. Equality con-
straints of the form Ax = b (affine) may complement the model. Hence,
the canonical representation of a convex optimization problem is presented
below:

min f(x)
gx)<o0 (3.47)
Ax=b

where f and g are convex functions. It is important to notice that equality con-
straints must be affine and inequality constraints must be convex. A constraint
of the form f(x) = 0or f(x) > 0does not define a convex set, even if f is convex
(recall the case of Qp and Q. in Figure 3.2). Below we present some common
examples of convex optimization problems.
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Example 3.14. A linear programming problem is a problem where both the
objective function and the constraints are affine.

min c'x
Ax=b (3.48)
x>0
This type of problem is convex since affine functions are also convex. The fea-
sible set is a polytope and the optimum is usually a vertex. Several problems in

power systems operation can be represented a linear programming models, for
example, the economic dispatch and the demand-side management. e

Example 3.15. Quadratic programming problems are problems where the
objective function is quadratic and the constraints are affine.
.1
min ExTHx +c'x
Ax=b (3.49)

x>0

This problem is convex if H positive semidefinite. The feasible set is also a poly-
tope but the optimum could be inside the set, or in the boundary. The economic
dispatch of thermal units is a common example of quadratic programming
problems. e

Example 3.16. Quadratic programming with quadratic constrains are prob-
lems with the following structure:

1
min szHx +cTx
Ax <b (3.50)
1
ExTMx +s5Tx <t

This problem is convex if both H and M are positive semidefinite. It is very
important to emphasize in direction of the sign < in Equation (3.50). Notice
that the following constraints are not convex even if M is semidefinite:

1
ExTMx +sTx=t (3.51)

%xTMx +s5Tx >t (3.52)
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Quadratic constraints can be transformed in second-order cones constrains as
will be presented in Chapter 5 and in Chapter 10 for the optimal power flow
problem. e

Example 3.17. A problem with the following objective function is convex,
since exp(x) is a convex function.

min Z exp(axy)

k
Ax <b (3.53)
Environmental dispatch is an instance of this type of problem. e

3.4 Global optimum and uniqueness of the solution

The main feature of convex optimization problems is the capability to guaran-
tee global optimal, therein lies our interest in this type of models. The intuition
behind this feature is quite simple: let us consider a convex optimization
problem represented as Equation (3.47) with a local optimum X, that is to say:

fE)=inf{f(x) : xeN} (3.54)
where V' C Q in a given neighborhood is defined as follows:
N={xeQ|x—x|<r} (3.55)

Let us consider now, a feasible point y € Q outside of V. Since Q is convex,
we have that:

x =oax+ By (3.56)

wherea+=1y0<a <1,0 < < 1. Now, since f is convex, then we have
the following:

J) S af(®)+ () (3.57)
Evidently f(X) < f(x) since x is in the neighborhood of %, therefore:

FE) £ f) af(X)+BfK) (3.58)

g R Figure 3.8 Schematic representation

y of the neighborhood of % in a convex
optimization problem over a set Q.
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A-a)f(x) <Bf) (3.59)
Bf(®) < Bf(y) (3.60)
f&@ <1 (3.61)

Consequently, any feasible point outside the neighborhood of ¥ is also greater
than f(x) and hence, X is the optimal point in the entire set Q, that is to say, %
is a global optimum of the problem.

Now, a global optimum does not imply uniqueness, since we could have sev-
eral ¥ with the same value of the objective function®. We require the function
to be strictly convex in order to guarantee the solution is unique. Let us see why
this is so: consider two optimal points X, , namely:

F@=5@® < f(2 (3.62)

for all z € Q. Let us consider now, an intermediate point z = aX + B¥; since
Q is convex, then this point must belong to the feasible set. If the function is
strictly convex, then we have that:

f@) <af®)+pf) = fX)=f0) (3.63)

but f(z) < f(%) contradicts our initial assumption. Therefore, there is no way
that X # y for a strictly convex function (i.e., ¥ = J and optimum is unique).

One way to identify a strictly convex function is by defining a new function
g as follows:

g(x) = £ — ullxll? (3.64)

with u > 0. If g is convex, then f is not only convex but also strictly con-
vex. The relation among strongly, strictly, and convex functions is depicted in
Figure 3.9:

Figure 3.9 Relation among the concepts of strict and strong convexity. All strongly
convex functions are strictly convex. Both are, of course, convex.

3 see Figure 2.5 in Chapter 2.
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3.5 Duality

In this section, we briefly study duality theory for convex optimization prob-
lems. We can associate a complementary optimization problem called a dual
problem for any optimization problem, convex or not convex. Let us con-
sider a convex optimization problem as Equation (3.47), then we can define
a Lagrangian function as follows:

L0640 = f(x) + uTg(x) + AT(Ax — b) (3.65)

Where A are the Lagrange multipliers associated to equality constraints,
and u are the Lagrange multipliers associated to inequality constraints.
These multipliers represent a change in the objective function for a change
in the constraint, as previously demonstrated in Section 2.6. We assume
that u > 0.

Now, we define a new function called the dual function as presented
below:

W@, w) = inf £(x, 4, 1) (3.66)

Notice the dual function depends on 1 and u but not on x as is the case of £.
Since u > 0 then for any feasible point x, we have that,

L(x, A, 1) < f(x) (3.67)

Since the point is feasible, then Ax — b = 0 and g(x) < 0, therefore the term
u' g(x) is negative and Equation (3.67) is clearly met. This property is known
as weak duality and is general for any feasible point, even in the minimum.
Therefore, we have also that

WA, 1) < f(x) (3.68)

Hence, the dual function is a lower limit of the optimization problem
Equation (3.47) (henceforth, the primal problem). We can define a dual opti-
mization problem as given below:

max W(A, w)
u>0 (3.69)

The relation between the primal and the dual problem is depicted in
Figure 3.10. The Primal problem search for a minimum point in the feasible
set while the dual problem search for a maximum point in its own feasible set.
The maximum point of D constitutes a low boundary of the problem since any
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J(x)

Primal

maxI

Figure 3.10 Relation between primal and dual problems.

feasible point in the Primal returns a higher value than the value given by any
feasible point at the dual problem.

Example 3.18. The dual of a linear programming problem is calculated as
follows:

W(w) = inf {c"x + u"(Ax — b)} (3.70)

This infimum exists if (c" + uTA) = 07, and thus, W(u) = —u"b. Therefore,
the dual problem is:

min bTu
c+ATu=0 (3.71)
u=0

That is to say, the dual of a linear programming problem is another linear
programming problem. e

Example 3.19. Let us consider the following quadratic programming problem,
that represents a simple economic dispatch:

n
. A
min Z ?pi + by pi

k=1
m
dip=d (3.72)
k=1

pr=0
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The dual function is given below:

W, 2) = inf %Z <%pi + bkpk) +2 (d - pk> +) :uk(_pk)}
k=1

k=1 k=1
(3.73)
and hence, the dual problem is the following:
o1
max Ad — kZ:l E(/l + e — by)?
M 20 (3.74)

In general, the dual of a quadratic programming problem is another quadratic
programming problem.

The dual function is concave, even if the Primal problem is non-convex.
Remember that a function W is concave if —W is convex. Therefore, we must
check if —W holds Jensen’s inequality. Let us take two points in the dual
function, (4,, 1;) and (4,, 4,) with two real values @ > 0, 8 > 0 with a =
1 — B; then, let us evaluate the function in a generic midpoint, as presented
below *:

—W(ady + By, apy + Buy) = —ir;f {L(x, ady + By, auy + Bus)}
= sup{—L(x, ay + By, apy + Sur)}
X
< asup {_[’(x7 ll’ Ml)} + ﬁsup {—,C(X, 2’2: llz)}

= —aW(d, 1) — BW(A,, ) (3.75)

Therefore, W is concave,and max W = —min —W isa convex problem which
is, sometimes, easier to solve than the primal problem.

Example 3.20. Let us consider the following optimization problem:
min f(x) = x* — 5x2 — 3x
x2>1 (3.76)

The objective function of this problem is the polynomial plotted in Figure 3.11a
which is, evidently, non-convex. However, the dual function is convex and

defines a lower bound of the problem as shown in Figure 3.11b.
]

4 Recall that inf(W) = — sup(—W).



3.5 Duality

fx)

Figure 3.11 Example of a primal non-convex problem and its corresponding dual
function.

Weak duality allows finding a lower limit of the primal problem by maxi-
mizing the dual. However, very often, the dual is equal to the primal. In that
case, we say the problem fulfills the strong duality conditions. There is a sim-
ple criterion for strong duality in convex optimization problems. Informally,
the primary condition to guarantee strong duality is that the feasible region
must have a non-empty relative interior. This criterion is named as Slater’s
conditions [17].

Let us consider the feasible set Q, of a primal convex optimization problem,
namely:

Q={xeR": Ax—-b=0, g(x) <0} (3.77)
we define a new set known as the relative interior relint(Q) as follows:
relint(Q) ={x e R" : Ax—b =0, g(x) <0} (3.78)

Notice the only difference between Q and relint(Q) is in the inequality con-
straint. Slater’s condition state that relint(Q) # @, that is to say, there is at
least one point that fulfills equality and the inequality constraints strictly. Let
us analyze these concepts in the following example:

Example 3.21. Consider the following optimization problem
min x2
x>3 (3.79)
The Lagrangian function is
L(x, 1) = x>+ u3—x) (3.80)

There is no A1 because the model has only inequality constraints. The dual
function is calculated taking the minimum of this function (i.e., when
2x —p =0):
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Fx) D()
W) =9
¥ f(x) =9
x>3 x u=6 B U
Figure 3.12 Comparison between the primal and the dual problems.
W(k) = inf £(x, ) = 3 — u? /4 (3.81)

Now, we can define a new optimization problem as max W(u) with u > 0.
Both, the primal and the dual problems are shown in Figure 3.12; as expected,
any feasible point in W is below that any feasible point in f (feasible points in
the primal are those x > 3 and feasible points in the dual are those u > 0). In
addition, there are feasible points that fulfills strictly the inequality constraint
(for example x = 4), therefore, we can guarantee that min f(x) = max W(u)

(in this case, the optimum is f(X) = 9).
]

Dual variables represent the change in the objective function for a change in
the constrain. Let us consider an optimization problem as

min f(x)
Ax=b (3.82)
gx) <t

Let us suppose we know the optimum X and the corresponding dual variables
A and fi, then we have that:

. A®
1= b (3.83)
MA@

Q= X (3.84)

This interpretation of the dual variables is vital in common practical prob-
lems. These variables can be used to define new investments, as explained in
Chapter 7.

3.6 Further readings

A summary of the main properties of convex optimization problems is pre-
sented in Table 3.1. A problem is convex if the objective function and inequality
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constraints are convex, and the equality constraints are affine. Once we have
checked these conditions, we can conclude that the optimum is global. Therein
lies the importance of identifying convex functions in an optimization model.
In this chapter, we presented common examples of convex functions. More
exotic functions can be studied in [17]. Another type of convex functions such
as second-order cone (SOC) and semidefinite programming (SDP) will be stud-
ied in Chapter 5. Uniqueness can be guaranteed by using the concepts of strong
and strict convexity; usually, it is simpler to identify a strongly convex func-
tion. More details about these types of functions can be studied in [18]. The
concept of duality can be studied in more detail in [19]. We only presented
the most basic concept of duality and some conditions to interpret results. The
interpretation of the dual variables is critical in many practical problems. Other
concepts such as the Karush-Kuhn-Tucker conditions can be studied in [20].
Finally, it is recommended to review general concepts of linear algebra; two
excellent references are [21] and [16]. We avoided solving optimization prob-
lems by hand since our objective is to solve large optimization problems. All
repetitive calculations must be made by the computer, as presented in the next
chapter.

Table 3.1 Summary of the main properties of convex optimization problems.

Definition Consequence
Convex problem

min f(x), convex global optimum
Ax = b, affine

g(x) <0, convex

Strictly convex function
flax +By) <af(x)+Bf(y) unique solution

Strongly convex function

fxX)—pu ||x||2 also convex strictly convex

Dual function

W(u,A) = inf {f(x) + 1T(Ax — b) + u"g(x)} concave

Dual problem weak duality

max W(u,A)with u >0 max W < min f

Slater conditions

There exists at least one x such that strong duality

Ax+b=0,and g(x) <0 max W = min f

Dual variables change of the objective function

A u for a change in the constraint
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3.7 Exercises

1. Show that the following set is convex:

Q={x,y)€R*: x>0,y >0,xy > 1} (3.85)

. Show that the sum of two convex functions is also a convex function.
. Show that the composition of a convex function and an affine function,

results in an convex function.

4. Demonstrate that a function is convex if and only if its epigraph is convex.
. Identify which of these functions are convex:

f(x)=xTAx, with A >0 (3.86)
f(x) = exp((Bx + c)TA(Bx + ¢)), with A >0 (3.87)
f(x) = —In((Bx + ¢)TA(Bx + ¢)), with A > 0 (3.88)

. Show the following relation using Jensen’s inequality (use the fact that

—In(x) is convex and monotone).

n

n
1 1
[Tx" <Y -x (3.89)
k=1

k=1

. Show the Lagrangian and the dual function associated to the following

optimization problem:
min f(x) = (x — 1)
x2<0 (3.90)

Show the feasible space of both the dual and the primal problems. Analyze
the conditions of weak and strong duality.

. Determine the dual problem associated to a quadratically constrained

quadratic programme presented below:

o1
min szHx + bx

%xTAx +ex<d (3.91)
. Consider the following optimization problem
min x% + 1
(x=2)(x—-4)<0 (3.92)

Show the set of feasible solutions and find the optimum. Plot the objective
function vs x; on the same graph, plot the Lagrangian function £(x, ) for
different values of u (for example ¢ = 1, = 5, and u = 10). Formulate
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the dual problem and solve it. Analyze the conditions of strong and weak
duality.

10. Solve the following problem using both the primal and the dual formulations
(use graphs of the function and the feasible set in order to find the optimum)

min x +y

x> +y?<1 (3.93)
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Convex Programming in Python

Learning outcomes

By the end of this chapter, the student will be able to:

o |dentify linear and quadratic optimization problems.
o Solve linear and quadratic problems using Python.

4.1 Python for convex optimization

In the previous chapter, we learned that local optima are guaranteed to be
global in convex optimization problems. Other theoretical properties, such as
the uniqueness of the solution and strong duality, were also assured under
well-defined conditions. These properties are intrinsic of the model, regard-
less of the solution algorithm, and hence, any solver will give the same
solution.

We use Python and the module CvxPy, as a modeling language for convex
optimization problems [10]. This module checks the convexity of the prob-
lem and calls a solver that returns the solution of the model (see Figure 4.1);
then, results can be analyzed in Python using other modules, such as NumPy
for linear algebra operations, and MatplotLib for plotting the results. In this
way, Python is transformed into a complete modeling language that permits
writing and analyzing the optimization problem in a systematic form. How-
ever, we must carefully define the model to ensure it is convex, using a set of
functions and rules for constructing the model and guarantee convexity. This
philosophy for solving optimization problems is known as disciplined convex
programming [22].

Mathematical Programming for Power Systems Operation: From Theory to Applications in
Python. First Edition. Alejandro Garcés.

© 2022 by The Institute of Electrical and Electronics Engineers, Inc. Published 2022 by John
Wiley & Sons, Inc.
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Figure 4.1 Using Python
for mathematical
optimization.

Check convexity

Results

MatplotLib

Python and CvxPy allow us to concentrate on the model without worrying
about the solution algorithm; since, as mentioned above, the model is well-
behaved when it is convex. The following sections present the implementation
of linear and quadratic programming models to solve general optimization
problems. After that, a brief review of the algorithms is presented in order to
understand what is inside the box.

4.2 Linear programming

Reality is non-linear in nature. However, in many cases, we can formulate lin-
ear programming approximations that simplify complicated problems. In a lin-
ear programming problem, both the objective function and the constraints are
affine!, generating a polytope as the feasible set. The canonical representation
of a linear programming problem is presented below:

min ¢"x
Ax=b (4.1)

x>0

Where x € R", are decision variables; c € R" is a vector that usually repre-
sents costs; b € R™ is a vector that represents resources; and, A € R™" isa
matrix that defines physical constraints of the process that is being optimized.
Any linear programming problem can be transformed into the canonical rep-
resentation. However, this is not the only representation, and sometimes, it is
not the most convenient either. Practical applications will come with their own
representation.

1 Remember that an affine function is of the form f(x) = ax + b.
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Example 4.1. Let us transform the following linear programming problem, to
the canonical form:

max 3x — 2y
x+y<5 4.2)

x,y20
First, we multiply objective function by —1 to obtain a minimization problem;

then, we define a slack variable z that transforms the inequality into equality;
finally, we organize the model as follows:

min — 3x + 2y

xX+y+z=5 4.3)
X,y,22>0
In this case, c = (=3,2)T,A =(1,1,1),and b = 5. e

The set of feasible solutions of a linear programming problem is a geometric
object known as polytope?. The optimum of a linear programming problem,
if it exists, is placed in a vertex. Therefore, optimization algorithms, such as
the simplex method, search among the vertices until it achieves the optimum.
For problems in R? and R3, we can use the gradient direction to identify the
optimal direction and find graphically the optimal solution. The next example
shows the methodology.

Example 4.2. Let us consider the following linear programming problem:

max 3x, + 3x;

Xo+2x; <4

4x9 + 2x; <12

—Xo+x; <1 4.4)

X0 =0

X0 =0
The set of feasible solutions for this problem is shown in Figure 4.2. The direc-
tion of the gradient of the objective function is represented as Vobj; using this

direction, we can easily identify the optimum. As expected, the optimum is in
avertex, in this case in d = (8/3,2/3). e

2 We already studied this object in Example 3.4 (Chapter 3) and concluded that it is convex.
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objective
vertex .

function
a=1(0,0) 0
b=(1,0) 3

c=(/3,5/3) 7
d=(8/3,2/3) 10

e=(3,0) 9

Figure 4.2 Set of feasible solutions for the linear programming problem in
Example 4.2.

Practical linear programming problems for power systems operation could
have thousands of decision variables and constraints. Therefore, the graphical
method is not enough; we require to solve these problems using a computer. In
the following examples, we show how to use Python and CvxPy to solve linear
programming problems.

Example 4.3. Let us solve the linear programming problem presented in
Example 4.1 using Python. The script that solves this problem is presented
below:

import numpy as np

import cvxpy as cvx

x = cvx.Variable ()

y = cvx.Variable ()

obj = cvx.Maximize (3xx-2x*y)

res = [xty <= 5, x>=0, y>=0]

Model = cvx.Problem(obj, res)

Model.solve ()

print (np.round(obj.value),np.round (x.value, 2),
np.round(y.value, 2))

The code is intuitive; it starts by defining decision variables with the command
cvx.Variable; then, the objective function and the set of constraints are
determined; the set of constraints are stored in a vector named res; after that,
the model is solved, and results are printed, rounded to two decimal places.
Notice that we did not require to change the problem to a canonical form;
instead, the problem was represented as was raised.
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We can use different solvers and see the iterations on each solver as shown
below. The complete list of solvers is available in [23].

Model.solve (solver=cvx.0SQP, verbose=True)
print (obj.value, x.value,y.value)
Model.solve (solver=cvx.ECOS, verbose=True)
print (obj.value, x.value,y.value)
Model.solve (solver=cvx.SCS, verbose=True)
print (obj.value, x.value,y.value)

A

Example 4.4. Let us solve the linear programming problem presented in
Example 4.2.

import cvxpy as cvx

x = cvx.Variable (2,nonneg=True)
obj = cvx.Maximize (3xx[0]+3xx[1])
res = [ x[0] + 2xx[1] <= 4,

4xx[0] + 2xx[1] <= 12,

-x[0] + x[1] <= 1]
Model = cvx.Problem(obj, res)
Model.solve (solver=cvx.SCS)
print (' objective:’,obj.value)
print (' decisions:’,x.value)

The script is quite similar to the previous example. The only difference was
in the definition of the variables x, which is a vector in Ri. Therefore, we
defined the size of the variable and a condition no no-negativity (i.e., nonneg=
True). e

Example 4.5. The transportation problem is a special type of linear pro-
gramming problem, which consists in minimizing the cost of transporting a
commodity, from a set of sources to a set of destinations (this commodity can
be, off course, electric power). Each source has a limited supply while each des-
tination has a demand to be satisfied. Decision variables are represented in a
matrix x, where x;; represents the amount of products transported from i to
J- Each route has unit costs ¢;; and the amount of products available in the
sources is represented by s;, while the amount of product demanded in each
destination is d;. The problem consists on minimizing total costs, constrained
to the balance of each source and destination. A general mathematical model
is presented below:
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Figure 4.3 Oriented graph for a transportation problem with four sources (s) and
three destinations (d). The numbers in the arrows corresponds to the unit costs for
each route.

m n
min >} 3 iy
P
n
PETEE
j

m

Let us consider a problem with m = 4 sources and n = 3 destinations, as shown
in Figure 4.3. All the parameters required to solve the problem are depicted in
the figure.

The implementation in Python for this transportation problem is given
below. The reader is invited to evaluate the solution and analyze the solution.

import cvxpy as cvx

import numpy as np

m =4

n =3

¢ = np.array([[3,3,5,81,17,2,5,81,14,6,2,311)

s = np.array([30,20,20,30])

d = np.array ([35,42,23])

x = cvx.Variable ((m,n),nonneg=True)

obj = cvx.Minimize (cvx.trace (c@x))

res = [x@np.ones (n) == g3,
x.T@np.ones (m) == d]

Model = cvx.Problem(obj, res)




4.3 Quadratic forms

Model.solve ()
print (np.round(x.value, 2))

Again, we avoid constraints in the form x > 0, by defining the variable
as positive, with the modifier nonneg=True. Notice that equality constraints
were defined by ==.

4.3 Quadratic forms

It is common to find optimization problems in power systems operations that
have quadratic objective functions. For example, the classic economic dispatch
of thermal units is usually a quadratic problem. Therefore, it is essential to
understand some properties of these types of functions.

A quadratic form g : R" — R is a multivariate polynomial with variables
X, X1, ---X,_1, Where all the terms are, at most, of order 2. Any quadratic form
can be written as given in Equation (4.6):

qg(x)=xTAx+bTx +c (4.6)
where A is a square matrix, b is a column vector, and c is a constant.
Example 4.6. Let us consider the following multivariate polynomial:

q(xg, %) = 5x% + 2XX; + 3x] + 8Xy + 4x; + 15 (4.7)

This polynomial is a quadratic form because the maximum exponent is 2.
Therefore, it can be written as Equation (4.6) with the following structure:

T T

(2] (3 3) (1) ()

Notice that, this representation is not unique. Another possible representation
is presented below:

T T
q(xo,x1)=<;“l’) (_58 1£)<§‘1))+<i) (i‘l’>+15 (4.9)

It is important to note that not all quadratic forms are convex. In this case, the
form is convex since it describes a paraboloid, as may be easily demonstrated
by plotting the function. e

The main properties of a quadratic form are determined by the matrix A.
Two interesting cases are when this matrix is symmetric and when it is skew-
symmetric. A matrix A is symmetric when A = AT and skew-symmetric when
A = —AT. Let us analyze the latter case.
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Consider a quadratic form q(x) = x" Nx, where N is skew-symmetric; in that
case, we have the following:

q(x) = q(x)" (4.10)
=(x"Nx)" (4.11)

=(Nx)"x (4.12)

=x"NTx (4.13)

= —x"Nx = —q(x) (4.14)

Therefore, g(x) = —q(x) for any value of x and hence, g(x) = 0. In conclusion,

a quadratic form g(x) = x" Nx is zero if N is skew-symmetric.
Any square matrix A can be written in terms of a symmetric and a skew-
symmetric matrix, as follows:

A= %(A +A)+ %(AT _AT) (4.15)
- %(A AT+ %(A _AT) (4.16)
1 1

where M = A+ AT and N = A — AT. Matrix M is symmetric (i.e, M = M")
and N is skew-symmetric (i.e., N = —N ™. Therefore, we have the following:

g(x) = xTAx (4.18)
1+ 1+
=5x Mx + 3% Nx (4.19)
1T
=5x Mx (4.20)

In other words, any quadratic form g(x) can be written in terms of a symmetric
matrix.

Example 4.7. The quadratic form given in Equation (4.7) can be written in
terms of a symmetric matrix as given below:

T

;
q(xo,x1)=%(§‘l)> <120 2)<i‘1’)+<i> (j:’>+15 (4.21)

3 Notice that g(x) is a scalar, not a matrix, and hence ¢ = q".




4.4 Semidefinite matrices
where
5 10 1 5 10 N 5 =8 1 10 2
-8 3 2 -8 3 10 3 2\ 2 6
(4.22)
- )

Any quadratic form g(x) given by Equation (4.6) is continuous and has
derivative. Its gradient is given by Equation (4.23):

VQ=(A+ANx+b (4.23)

since A is symmetric, then VQ = 2Ax + b, and its hessian is simply 2A.

4.4 Semidefinite matrices

There is a particular type of quadratic forms that are always positive. The matri-
ces that represent these forms are known as semidefinite matrices. Thus, we say
a symmetric matrix A € R™" is positive semidefinite if g(u) = u" Au > 0 for
any u € R". These types of matrices are represented as A > 0 (notice that the
symbol is different from >). Moreover, we say that the matrix is positive defi-
nite (A > 0) if g(u) > 0 for any u # 0. Likewise, we say the matrix is negative
definite or semidefinite if (—A) > 0 or (—A) > 0, respectively.

A symmetric and positive semidefinite matrices have the following proper-
ties:

o Its eigenvalues are all positive.

e The matrix A can be factorized as A = CC" where C is a triangular matrix.
This is called Cholesky factorization, and the matrix C is usually represented
as A'/2,

e IfA>0then A™! >0

e IfA>0andB>0thenA+B>0

e However, if A > 0 and B > 0 we cannot say anything about AB.

e if A > 0and B > 0 then AoB > 0 where o represents the Hadamard product
(i.e., the point-wise product).

Example 4.8. The following matrix is positive definite

2 1
A=(1 1) (4.24)
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since its eigenvalues are both positive, i.e., A = {0.3819,2.61803}, and have
Cholesky factorization®:

-
2 1 V2 V272 \ (V2 V22
A = =
11 0 V272 0 V2/2
This matrix defines the following quadratic form, which is evidently positive
for any x # 0:

(4.25)

q(x) = xTAx = 2x7 + 2x0X; + X} (4.26)
= (x; + X0)* + X} (4.27)
a

Example 4.9. We can define a function in Python that identify positive def-
inite matrices using the eigenvalues. The code for this function is presented
below:

import numpy as np
def IsSD (M) :
Lmin = min(np.linalg.eigvals (M))
if (Lmin==0) :
print (' Positive semidefinite’)
if (Lmin>0) :
print (' Positive definite’)
if (Lmin<0):
print (' It is not positive semidefinte’)
# usage
A= [[2,1],[1,1]]
IsSD(A)

]

Example 4.10. A quadratic function with a positive semidefinite matrix is
convex. Let us consider the following two examples:

.

q1(x,y) = %( )yc ) ( 1}4 1{4 )( )yc ) (4.28)
T

0:(x,y) = %( ) ) ( s v )( , ) (429)

4 The command in Python for Cholesky factorization is np.linalg.cholesky(A) and the com-
mand for calculating the eigenvalues is np.linalg.eigvals(A), where np comes form the NumPy
module.




4.5 Solving quadratic programming problems

Figure 4.4 Example of two quadratic functions, g, (left) is convex whereas g,(right)
is not.

In this case, the eigenvalues of the matrix associated to q; are 1 = {1.25,0.75}
whereas the eigenvalues of the matrix associated to g, are A = {1.03,—1.03}.
Clearly, q; is convex whereas g, is not (see Figure 4.4). e

4.5 Solving quadratic programming problems

A quadratic form g(x) is convex if its symmetric matrix is positive semidefinite>.
In that case, we can use CvxPy for solving problems that involves quadratic
forms in the objective function, or in the inequality constraints. The first case,
is known as quadratic programming and the second case, is known as quadratic
programming with quadratic constraints. Let us consider the second case that
is more general, namely:

min go(x)
0:(x) <0 (4.30)

where both g, and q; are convex quadratic forms. It is important to remark that
the constraint must be an inequality of the type < 0, otherwise the problem is
non-convex. Consider the following optimization problem:

min go(x)
q:1(x) >0 (4.31)
q(x) =0

5 Besides, it is strictly convex if it is positive definite.
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This problem is not convex, even if q; and g, were a convex quadratic form,
because equality constraints must be affine and inequality constraints must
be of the type < (see Example 3.1 in Chapter 3). In the following sections, we
present a series of simple examples to familiarize ourselves with the functions
available in CvxPy, for solving quadratic problems.

Example 4.11. An unconstrained quadratic-convex optimization prob-
lem is trivial and can be solved directly. Let us consider the following
problem:

min g(x) = %xTHx +b"x+c (4.32)
where H = H' > 0 (symmetric and positive definite), then we have the
following:

Vqg(x)=Hx+b=0 (4.33)

x=-H7'b (4.34)

we require that H is positive definite in order to guarantee the inverse exists. In
case the matrix is only semi defined, we can use the Moore—Penrose inverse to
find a solution for x [16]. e

Example 4.12. Let us consider the following optimization problem:
min 5x; + 2xoX; + 33 + 7xy + x; + 10
Xg+x, =1 (4.35)
Xp, X1 =0

Where the objective function can be written as the following quadratic
form:
T T

q(Xo,x1)=(§?> (3 §>(§?>+(I) <§T)+10 (4.36)

The script in Python for solving this problem is presented below:

import numpy as np

import cvxpy as cvx

A = np.matrix([[5,2],[0,311)
H = 1/2%(A+A.T)

IsSD (H)
b = np.array([7,1]
=10

c
x = cvx.Variable (2, nonneg = True)
g = cvx.quad_form(x,H)+b.T@x + c



4.5 Solving quadratic programming problems

obj = cvx.Minimize (q)
res = [x[0]+x[1]==1]
Model = cvx.Problem(obj, res)

Model.solve ()
print (x.value)

First, we define a matrix for the quadratic form and build a symmetric equiv-
alent (see Example 4.7). Then, we determine if it is semidefinite using the
function created in Example 4.8; the quadratic form is then represented by the
function quad_form that is part of the module CvxPy. The rest of the model
is intuitive. e
Example 4.13. Let us define the unitary ball in R? with center in a = (a,, a;)
as B,, given by Equation (4.37),

B, = {(x0,x1) 1 (X9 —ap)* + (x; —a))* <1} (4.37)
we are interested in finding a point that minimizes the function f(x,,x;) =
Xy + X1, such that (x,, x;) belongs to the intersection of the unit balls B, and
By; with a = (1,1) and b = (0,0), namely:

min X, + Xx;

(x9,%1) € B, N By (4.38)

This problem is convex since unit balls are convex sets. Moreover, each ball can
be represented as quadratic forms as presented below:

B,={xeR": (x—a)'I(x—a) <1} (4.39)

where I is the identity matrix, and a € R" is a vector that represents the
center of the ball. So, a script to solve Model Equation (4.38) is presented
below:

import numpy as np
import cvxpy as cvx

x = cvx.Variable (2, nonneg = True)

a = np.array([1,1])

g_a = cvx.quad_form(x—-a,np.identity(2))
g b = cvx.quad_form(x,np.identity(2))
obj = cvx.Minimize (x[0]+x[1])

res = [g.a <=1, gb <= 1]

Model = cvx.Problem(obj, res)

Model.solve ()
print (x.value)

The student is invited to plot this problem and analyze the results. e
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4.6 Complex variables

Several problems in power systems operation have a simple representation in
the set of the complex numbers, hence it is natural to formulate optimization
problems, using complex decision variables. However, we must be very care-
ful in this type of formulation. Unlike the real and the integer numbers, that
are totally ordered set, the complex numbers are not. In general, an optimiza-
tion model on the complexes may have the following canonical representation,
namely:

min f(z)
§(2)<0
h(z)=0 (4.40)
zeC"

which is similar to the representation given in Equation (3.47). Nonetheless, we
must ensure the co-domain of both the objective function and the inequality
constraints, is the real numbers, thatistosay f : C" > Randg : C" - R.
A constraint in the form g(x) < 0 does not have sense if the image of g is also
complex. Of course Equation (4.40) may be also represented in terms of real
and imaginary variables, as given below:
min f(x,y)

g(x,y) <0

real (h(x,y)) =0 (4.41)

imag (h(x,)) = 0

x,y € R"
where z = x + jy. However, (4.40) is a more compact representation of the
problem in many practical applications. Convexity and similar mathematical

properties must be evaluated in Equation (4.41). Thus, Equation (4.40) is, in
most of the cases, only a convenient representation of the problem.

Example 4.14. The optimization problem presented in Equation (4.38) may
be written in terms of complex variables; for this, we define a complex variable
z = Xy + X, j, and the optimization model presented below:

min Zreal T Zimag
lz-Q+pl<1 (442)

lzll <1
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The script for solving this problem is the following:

z = cvx.Variable (complex=True)
obj = cvx.Minimize (cvx.real(z)+cvx.imag(z))
res = [cvx.abs(z-(1+13)) <= 1,

cvx.abs (z) <= 1]
Model = cvx.Problem(obj, res)
Model.solve ()
print (z.value)

4.7 What is inside the box?

In this chapter, we used CvxPy as a modeling platform. This module call other
solvers to find an optimal solution to the problem. Most of these solvers use
efficient variations of the gradient and Newton’s methods for unconstrained
problems, whereas inequality constrained problems are usually solved by the
Interior Point method or similar barrier methods [17]. Details of these methods
are beyond the objectives of this book; however, it is interesting to see the main
idea by using the following problem:

min f(x)
gx) <0 (4.43)

we define an indicator function for the inequality constraint as follows:

0 ifg(x)<0 }

) 4.44
oo otherwise ( )

I(x) = {
This function returns zero when the x is a feasible solution of the problem.
Now, we can define a new function B given by Equation (4.45):

B(x) = f(x) + I;(x) (4.45)

This function is similar to the Lagrangian. However, it is not continuous and
cannot be optimized by simple derivation. Therefore, we define a continu-
ous approximation for the indicator function as given in Equation (4.46). This
function is called logarithmic barrier.

I,(x) & ¢,(x) = —ulIn(—g(x)) (4.46)

Figure 4.5 shows the indicator function and the corresponding logarithmic
barrier. The barrier function approximates the indicator function as © — 0.
The idea is to solve the problem using the approximated function using a
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$u(x) Io(x)

g(x) g(x)

Figure 4.5 Indication function and logarithmic barrier.

continuous method (for example, Newton’s method) and decrease the value
of u iterative until achieving convergence.

Although this is oversimplification of the algorithm implemented in practice,
it is useful to understand the concept. There are several variants to the interior
point algorithm. Interested readers can refer to [17] for more details.

4.8 Mixed-integer programming problems

A mixed-integer programming (MIP) problems is an optimization problem
with both continuous and discrete variables. Discrete spaces are non-convex,
and hence, all MIP problems are non-convex. More notably, MIPs are NP-hard
which means they are among the most challenging problems in terms of the-
oretical complexity. However, some mixed-integer programming problems can
be solved in Python using CvxPy with a suitable solver. The most common
approach for solving this type of problem is the Branch & Bound (B&B) algo-
rithm, which is based on the idea of dividing the problem until a binary solution
is found.

Let us see the basic philosophy of the algorithm by considering the following
binary optimization problem:

min f(x)

x; €B (4.47)
where f : R" — R is convex and B = {0, 1}. First, we solve the following
relaxed problem:

min f(x)
0<x; <1 (4.48)

x; €R
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we would be lucky if this solution turns out to be binary. Most probably, the
solution would be real values such as x; = 0.8 or x; = 0.3. This solution is
obviously not feasible from the point of view of the binary problem. However,
itis a lower bound f1°° of the problem. A binary upper bound is also required
and marked as fUPPer,

The B&B algorithm departs from f°"¢" and evaluates different problem
instances using a branching rule. For example, we evaluate the solution with
X; = 0 and the solution with x; = 1. If one of these branching problems results
to be binary and higher than f"PP®', then the solution is discarded as well as the
branching stages below this instance. If the solution is lower than f"PP¢", then
we have a new fYPP®" and continue the algorithm. The main drawback of this
algorithm is the high computational load associated with evaluating each node,
as the tree is built. Therefore, we require efficient branching rules to reduce the
number of nodes that are evaluated. Most of the commercial solvers have addi-
tional techniques to accelerate the process. The following example shows how
the algorithm works in practice.

Example 4.15. Consider the following optimization problem:
min f(x) = x"Hx
Dix =3 (4.49)
x;, €B

with H = diag(0.41,0.51,0.32,0.20,0.31,0.21) and i € {0,1,..., 6}. First, we
relax the binary constraint obtaining the following convex model:

minx"Hx

0 X <1

If the solution of this problem is binary, then our problem is solved. However,
this is not the case, so A is just a lower bound. Then we generate new instances
of the problem with x, = 0 and x; = 1, namely

min x"Hx
in =3
B =4 4.51
o<x <1 | (4.51)
xO = O
and
min xTHx
in =3
C = 4.52
o<x <1 | (4.52)
xO = 1
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Figure 4.6 Tree generated by

0.4388
the branch and bound
Q > .
7 N algorithm.
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The process continues generating a tree as depicted in Figure 4.6. Eventually,
the algorithm finds a binary solution; in this case, in the node H with f = 0.72
and x = (0,0,0,1,1,1)". This binary solution is an upper bound that blocks
any solution resulting from nodes E and G. The branching process must be
executed from nodes D and F until a better binary solution is found or until
the nodes become higher than the upper bound. If a better binary solution is
found, this is a set as the new upper bound, and the process continues until the
tree is completed.

Table 4.1 shows in detail the first nodes generated by the algorithm for the
states depicted in Figure 4.6. The enumeration tree generated by the branch
and bound method may be large, and hence, the algorithm is not as efficient as
the algorithms for continuous optimization. However, this is the primary tool
for most of the integer and binary problems in practice. A

Example 4.16. There are efficient solvers for binary problems available in
CvxPy, so we do not require generating the enumeration tree by hand. The code
for the previous example is presented below:

import numpy as np
import cvxpy as cvx

X = cvx.Variable (6, boolean=True)

H = np.diag([0.41,0.51,0.32,0.20,0.31,0.21]
f = cvx.Minimize (cvx.quad_form(x, H))

res = [ 0<= x, x<=1, cvx.sum(x)==3]

BinaryProblem = cvx.Problem(f, res)
BinaryProblem.solve ()
print (' Optimal value’,np.round(f.value,4),np.round(x.value,4))




4.9 Transforming MINLP into MILP

Table 4.1 Details of the node generated by the branch and bound
problem.

Node  f(x) X X1 X2 X3 X4 X5

A 0.4388 0.3567 0.2868 0.4570 0.7313 0.4718 0.6964

B 0.4980 O 0.3255 0.5187 0.8299 0.5354 0.7904
C 0.6313 1 0.2170 0.3458 0.5533 0.3570 0.5269
D 0.5586 O 0 0.5818 0.9309 0.6006 0.8866
E 0.7583 0 1 0.3879 0.6206 0.4004 0.5911
F 0.6583 1 0 0.3879 0.6206 0.4004 0.5911
G 09821 1 1 0.1939 0.3103 0.2002 0.2955
H 0.7200 O 0 0 1 1 1

The only difference concerning the continuous problem is that variable x is
defined as binary with the parameter boolean=True.

Although it is easy to generate binary problems, we must keep in mind that
each binary variable implies an increase in the enumeration tree’s size, which
makes the model more complex and the algorithm slower. As a basic rule, we
should reduce, if possible, the number of binary variables in our models. e

4.9 Transforming MINLP into MILP

Mixed-integer non-linear programming problems (MINLP) are among the
most complicated mathematical optimization problems in theory and practice.
Therefore, it is convenient to transform these models into mixed-integer linear
programming problems (MILP). Below, we present some examples of heuristic
transformations.

Example 4.17. Let us consider a set of constraints as presented below:

y=ux
Xlow <x< xup (453)

ueBxeR,yeR

The first constraint is both non-linear, non-convex, and mixed-integer. There-
fore, it is convenient to transform it into a set of mixed-integer affine constraints
as follows:
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UXpow Sy < uxup
x—(1- u)(xup —Xjow) Sy <x+ (11— u)(xup = Xiow)

Xjow S X <X (4.54)

up
ueBxeR,yeR
Notice that if u = 0 then the first constraint is reduced to y = 0, whereas if

u = 1 the two fist constraints result in x,y, <y < X, and y = x, respectively.
These conditions are equivalent to y = ux with u € B. e

Example 4.18. Mixed-integer quadratic programming problems as the one
given in Equation (4.49) can be easily transformed into a MILP problem. First,
we write the quadratic in polynomial form as follows:

FG) =007 emXiXim (4.55)
k m

Then, we notice that x2 = x for x € B. Therefore, the terms in the diagonal of
the quadratic form can be replaced by linear equations as presented below:

f(x)= Z MacXic + ) D MomXicXm (4.56)

k m#k

Next, the bi-linear terms x; x,, are replaced by a new binary variable y,,,, that
is to say:

fx)= Z hekxi + 20 D MemYim (4.57)

k m#k
Finally, we add the following auxiliary constraints:
X+ X — 1 < Yiem
Viem < Xk (4.58)
Yiem < Xm

Notice that, under these constraints, y;,, = 1 if x;, = 1 and x,, = 1, otherwise
Yiom = 0. The model is now an MIP problem. e

4.10 Further readings

In this chapter, we learned how to solve linear and quadratic problems in
Python using CvxPy. The reader is invited to see the module’s manual in [23]
and reproduce the examples presented there. Most of the solvers called by
Python are modifications of the gradient, the Newton’s, and/or the interior
point method. These methods have well-defined conditions that guarantee
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convergence if the problem is convex. The theory behind these algorithms is
beyond this book’s objectives. It can be found in [11] and [24].

A reader interested in delving into the theory can continue with Chapter 5
where a family of convex optimization problems, known as conic optimiza-
tion, is studied. A reader interested in applications for power systems oper-
ation can go directly to Chapter 7, which presents the economic dispatch of
thermal units.

There is extensive literature about mixed-integer problems that go beyond
the practical objectives of this book. Most of the solvers for mixed-integer
optimization are based on the branch and bound method, although other
algorithms such as the cutting plane and greedy algorithms are also used.
A good presentation about these methods, both in theory and practice, is
available in [25].

4,11 Exercises

1. Solve the following linear programming problem:

min ¢’

dix=1 (4.59)

X

where ¢,x € R" and ¢; = i + 1. Solve the problem for n = 2, n = 10 and
100.

2. Solve the transportation problem with six sources and eight demands
described in Table 4.2

3. Solve the following problem in Python using the module CvxPy.

min 3x2 + 2y% + 522
x+y+z=1 (4.60)
X,y,Z 20

4. Solve the following problem similar to Example 4.13 forn =4andn = 5.

n—1
min Z X;
i=0
X € .Ba N Bb (461)

where a = 1, (i.e., a vector with all entries equal to 1) and b = 0,, (i.e., a
vector of zeros).
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Table 4.2 Parameters for a transportation problem
with six sources and eight demands.

G 0 1 2 3 4 5 s
0 43 9 10 58 95 60 175
1 49 41 65 75 25 17 62
2 33 41 26 64 72 29 118
3 16 49 8 26 36 91 118
4 8 95 82 66 2 17 58
5 9 92 28 32 55 66 175
6 95 9 71 8 69 72 173
7 66 87 29 40 37 52 122
d; 212 144 92 168 201 184 total = 1001

5.

8.

Solve the following optimization problem using Python and the module
CvxPy
min x? + y?
(x-1+(p-17<1 (4.62)
(x-1+@+17*<1

. Solve the following quadratic optimization problem:

min %(x -1,)'H(x-1,)
in =1 (4.63)

where 1, is a vector with all entries equal to 1 and H is a symmetric matrix
of size n X n constructed in the following way: hy,,, = (m + k)/2ifk # m
and hy,,, = n® + nifk = m. Use n = 2, n = 10, and n = 100.

. Solve the following optimization model using the basic interior point

method described in Section 4.7.
min x>
xX>5 (4.64)

A matrix A is diagonal dominant if its entries are such that

e = D |l (4.65)
m#k
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Show that every dominant diagonal matrix is positive semidefinite, but the
opposite is not true.
9. Define a function in Python that generates a random positive definite
matrix of size n X n. Use this function to generate random matrices A and
B; evaluate numerically each of the properties given in Section 4.4.
10. Finish Example 4.15 and compare the solution with Example 4.16.



Taylor & Francis

Taylor & Francis Group

http://taylorandfrancis.com



5

Conic optimization

Learning outcomes

By the end of this chapter, the student will be able to:

o |dentify the main features related to semidefinite and second-order
cone optimization.

e Transform optimization problems into standard SDP or SOC models.

o Solve SDP and SOC problems using Python.

5.1 Convex cones

A cone is a set ¢ € R”" such that if x € € then ax € C. A convex cone is
set that is simultaneously a cone and a convex set as depicted in Figure 5.1.
A conic optimization problem minimizes a convex function over the intersec-
tion of an affine subspace and a convex cone. Two particular types of convex
cones are relevant in power systems operation: the cone generated by semidef-
inite matrices and the second-order cone. Linear, quadratic, and quadratically
constrained problems can be considered as particular cases of these cones. In
addition, there are several solvers available in CvxPy that efficiently solve conic
optimization problems. The following sections studies theoretical and practical
aspects of conic optimization in Python.

5.2 Second-order cone optimization

A second-order cone or SOC is a set in R**! given by the following expression:

Csoc = {(x,2) € R™! 1 ||x|| < z} (5.1)

Mathematical Programming for Power Systems Operation: From Theory to Applications in
Python. First Edition. Alejandro Garcés.

© 2022 by The Institute of Electrical and Electronics Engineers, Inc. Published 2022 by John
Wiley & Sons, Inc.
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y y

Figure 5.1 Example of a convex cone €, and a non-convex cone Cg

Figure 5.2 Representation of the second order cone Q = {||x|| < z} with x € R? and
zeR.

where x is a vector in R"; z is a real variable; and ||-|| is the Euclidean norm,
given by Equation (5.2).

[1x]| =\/x§+xf+x§+---+xfl_1 (5.2)

Figure 5.2 depicts the boundary of an SOC with x € R2.

Let us see why Equation (5.1) defines a cone. Consider a point (x, z) € Csoc
and a positive scalar . Now, consider a point scaled by that «. This new point
holds the same inequality as given below:

llax|| < oz (5.3)



5.2 Second-order cone optimization

In other words, the point (ax,az) € Cgoc. Therefore, Cgoc is a cone. It is
straightforward to demonstrate that this cone is also convex using the properties
of the norm (Section 2.2) and the Jensen’s inequality.

On the other hand, both sides of the inequality in Equation (5.1) can be com-
posed by affine spaces obtaining a general representation of an SOC constraint,
as given below:

JAx +b|| <c"x+d (5.4)

where A is a matrix, b and c are vectors, and d is a scalar. Thus, a general
representation of an SOC optimization problem is the following:

min h'x
lAx +b|l <c"x +d (5.5)

However, many practical problems are a combination of different types of con-
straints. Therefore, a practical problem might not be an SOC optimization
problem but a convex problem with second-order cone constraints.

Among convex optimization problems, SOC optimization is particularly
appealing in practice for three main reasons: first, there are several available
algorithms and solvers for SOC problems. These algorithms are fast and effi-
cient in practice. Second, several optimization problems may be represented
as SOC problems. For example, a linear programming problem is a particu-
lar case of an SOC problem with A = 0, and a quadratic-convex restriction is
also presentable as an SOC constraint. Third, it is possible to transform some
non-convex problems into equivalent SOC problems. The examples below show
some of these equivalents.

Example 5.1. A convex-quadratic constraint can be represented as an SOC.
Let us consider the following inequality that is convex if M > 0:

X"Mx—-n"x—-5<0 (5.6)
Since M > 0 (see Section 4.3) then it has Cholesky factorization given by M =
1 1
(M2)"M=.
Let us define two new variables u and z as follows:
1
u=M:x 5.7)
zZ=n'x+s (5.8)

then, Equation (5.6) is equivalent to the following constraint:

uu<z (5.9)
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This inequality can be transformed into an SOC by adding z2/4 —z/2+1/4in
both sides of the inequality, as given below:

2 2
T zZ_z 1 < Z_z 1 5.10
uu+4 2+4_z+4 2+4 (5.10)
2 2
T z—1 < (1 + z) 511
wrut (22) <(5 (5.11)
u
‘( bt ) <1tz (5.12)
— 2
2
Returning to the original variables, we have the following expression:
M:x 1+n'x+s
nTx+s—1 = 5 (5.13)

2

By using this method, any convex-quadratic model can be transformed into an
SOC problem. e

Example 5.2. Consider the following set of inequality constraints:
(5.14)

where w is a vector € R" and x, y are variables in R. These inequalities define
a hyperbolic set that, at fist glance looks like a non-convex set. However, it is
in fact convex and can be transformed into an SOC; for this, we start from the
following representation of an hyperbolic paraboloid:

xp = (x4 ) - 70—y (5.15)

then, we have the following:

xy>w'w (5.16)

1 2 1 2 T
Z(x+y) —Z(x—y) >w'w (5.17)
(x+yP>2(x-y’P+4vTw (5.18)

the last inequality can be easily transformed into an SOC as follows:

[2)

x+y2=

‘ (5.19)



5.2 Second-order cone optimization

This example shows that SOC is a very general way to represent many non-
linear problems. e

Example 5.3. Consider the following set:

z=Xxy
0<x<1 (5.20)
0<y<1
A constraint of the form z = xy is not convex. Therefore, it is common to use a
linearization to include this type of constraints into an optimization problem,
namely:
z20
x<z
y<z (5.21)
z>2x+y-1
This linearization works in most of the cases. However, for a constraint of the

form z? = xy, it is more precise to use a SOC approximation. We transform the
equality into an inequality, and use Equation (5.19) as follows:

(%)

0<x<1 (5.22)

<x+y

0<y<1
z20
The SOC approximation maintains the non-linear nature of the problem, mak-

ing it convex. Notice the point (1/2,1/2,1/4) is feasible in both the original
problem and the SOC approximation. However, it is infeasible in linearization.

A
Example 5.4. The function f(x) = — In(x) is convex and hence the following
set is also convex:
—In(x+1)<z
1 1
<y <= .
5Sx<3 (5.23)
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However, it is possible to obtain an SOC approximation of this set by consider-
ing a quadratic expansion of the logarithmic function:

x2
In(x+1)~ x— > (5.24)

This approximation can be included into Equation (5.23) obtaining the follow-
ing SOC constraint:

X 1+4+2(x+2z2)
xX+z—-1/2 ||~ 2
1 1
——<x<= 2
5 Sx<5 (5.25)

The student is invited to plot the set given by Equation (5.23) and the set given
by Equation (5.25) and compare these results. e

Example 5.5. A SOC problem can be easily solved in Python. Consider the
following optimization model:

min z
|[Ax +b|| < z (5.26)

where x € R", A € R™", and b € R™. The following code solves a random
instance of this problem, for n = 10 and m = 6:

import numpy as np
import cvxpy as cvx
=10

=6
np.random.rand (m, n)
= np.random.rand (m)

o)

= cvx.Variable (n)

= cvx.Variable ()

obj = cvx.Minimize (z)

res = [cvx.SOC(z,Alx+Db) ]
prob = cvx.Problem(obj, res)
prob.solve ()

N X O w3
Il

The key function in this example, is the SOC constraint presented in the
penultimate line. As always, the reader is invited to experiment with this
code. e

5.2.1 Duality in SOC problems

Duality theory is easily applied to second-order cone optimization problems.
Consider the SOC model given by Equation (5.5) which is equivalent to the
model presented below:



5.2 Second-order cone optimization

min h'x
lull <c"x+d (5.27)
u=Ax+b>

We define a Lagrangian function as follows:
Lx,u,y,z)=h"x+y(lul| —=c"x—d) +z"(u — Ax — b) (5.28)

with y > 0. Now, we take the infimum in x and u, in order to obtain the dual
function. Fortunately, the problem is separable as presented below:

inf £ =inf (h"x + y(|lul| —c"x —d) + z"(u — Ax — b)) (5.29)
=inf ((—yd = b"z) + (h" —yc" —zTA)x + (y ||ull + z"u)) (5.30)

=—yd—bTz+ igf(hT —yeT —zZTA)x + i%f(y llull + zTu) (5.31)
Thus ir;f L(x,u,y,z) implies that:
h—yc—ATz=0 (5.32)
and irl}f L(x,u,y,z) is obtained from:
ir;f yull+z"u (5.33)

If we are using the Euclidean norm, then the Cauchy inequality is valid:
|zTul < llz]l [lull (5.34)

and consequently

=izl llull < z"Tu < |lz[| |lull (5.35)
=izl lleell + y full < p llull + 27w < [zl ull + y [lul] (5.36)
O = llzID lull < y llull + zTu < @ + llzI) [ul] (5.37)

The infimum in both the right and the left-hand side of this inequality is zero
aslong as y — ||z|| > 0. Combining all these results, we have the following dual
problem:
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min yd +b'z
ye+ATz=nh (5.38)
llzll <y

In conclusion, the dual of an SOC problem is another SOC problem. Since an
SOC problem is convex, then we can conclude the dual is equal to the primal
as long as it fulfills Slater’s conditions.

5.3 Semidefinite programming

Another important cone for mathematical optimization is the cone generated
by positive semidefinite matrices. Here we are interested in solving problems
with the following structure:

min tr(CX)

AX =B (5.39)

X>0
where A, B, C, X are matrices. This problem looks very different from the con-
vex problems we have studied so far; decision variables are now matrices
X € R™" and the objective function is the trace of a matrix product. More
importantly, there is a constraint of form X > 0 that indicates the matrix is
positive-semidefinite!.

Before studying these problems, let us review some basic concepts from

matrix algebra.

5.3.1 Trace, determinant, and the Shur complement

The trace is an operator that takes a square matrix A and returns a scalar equal
to the sum of the entries in the diagonal, as follows:

tr(A) == all + a22 + ... ann (5.40)
This operator have some useful properties, namely

tr(A + B) = tr(A) + tr(B)
tr(aA) = atr(A)

tr(A) = tr(AT)

o tr(ATB) = tr(ABT)

1 Notice the symbol is different from an inequality.
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tr(AB) = tr(BA) but in general, tr(AB) # tr(A) tr(B)
siA > 0yB > 0then tr(AB) > 0

xTHx = tr(Hxx")

tr(H) = Y. A; where ; are the eigenvalues of H

Example 5.6. Let us experiment in Python by taking random matrices A, B
and checking the aforementioned properties:

import numpy as np

n = 10
A = np.random.rand(n,n)
B = np.random.rand(n,n)

print ("sum",np.trace (A+B), np.trace(A)+np.trace(B))
print ("prd",np.trace (A@B), np.trace(A)xnp.trace(B))

]

The determinant is another operator that takes a square matrix and returns
a scalar. It has the following properties:

e A matrix A has a unique inverse if det(A) # 0

o det(AB) = det(A) det(B) but in general det(A + B) # det(A) + det(B)

o det(AT) = det(A)

o If a matrix is triangular, then the determinant is the product of the entries in
the main diagonal.

e det(A71) =1/ det(A)

e det(A) = det(P71AP)

e det(A) = [] A; where 4 = eig(A)

These are useful properties of the determinant, which is a complex and inter-
esting operator?. The following example shows a geometric interpretation of
the determinant.

Example 5.7. As we have seen, a quadratic form x"Hx with H > 0 may have
different interpretations. For instance, it can generate an ellipsoid &€ defined as
follows:

E={xeR": x"Hx <1} (5.41)
Since H is positive definite, we can make a Cholesky factorization, namely:

H= (Hi)THi (5.42)

2 We suppose the student is familiar with the ways as the determinant is calculated. A student
interested in a formal definition can refer to [21] pg 632.
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2 H7/ X1
<> W /

Vol(B) = 712 Vol(&) = w12 det(H™?)

Figure 5.3 Area of an ellipsoid seen as a linear transformation of a unit ball

that allows to define the following linear transformation y = H i x thatin turns,
transforms the ellipsoid as follows B = {y eER":yTy< 1}. This is a unitary
ball of which we know its hypervolume3. The determinant allows to calculate
the volume of the ellipsoid as shown in Figure 5.3.

A

To end this review of matrix algebra, let us define the Shur complement.
Consider the following block matrix

M=< ;T g) (5.43)

then, we define the Shur complement of M with respect to C as follows:
A—BC'BT (5.44)

If M > 0and A > 0, then its Shur complement is also positive semidefinite,
and vice versa.
We can also define the Shur complement respect to A as given below:

C—-—BTAB (5.45)

The Shur complement is useful because we can identify when a matrix is
positive semidefinite by evaluating the condition in some sub-matrices.

3 The hypervolume is the generalization of measurements such as length, area, and volume
for R". The hypervolume of a unitary ball in R? is the area, i.e., 71%.
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5.3.2 Cone of semidefinite matrices

The set of semidefinite matrices defines a convex cone. To prove it, consider the
following set:

Q={XeR™ : X >0} (5.46)

This set defines a cone since if X € Q then aX is also in Q (aX is positive
semidefinite if X > 0 and a > 0). Now consider two matrices X,Y € Q and
two scalars a, 8 such that a + 8 = 1 and «, 8 > 0. Since an intermediate matrix
Z = aX + BY also belongs to Q, we conclude the set is convex.

A semidefinite programming problem or SDP is any problem that includes
semidefinite constraints as in Equation (5.39). Far from being a meaningless or
obscure mathematical theory, SDP is a practical tool for different optimization
problems, as shown in the following examples.

Example 5.8. A SOC is a particular case of an SDP. Consider the following
SOC:

llull <t (5.47)
which is equivalent to

ulu<t? (5.48)
2—uTlu>0 (5.49)

where I is the identity matrix. This constraint can be transformed into a
semidefinite constraint using the Shur complement as follows:

( ;IT ’t‘ )z 0 (5.50)

As a direct consequence of this, there is a hierarchy among SOC, SDP, QP, and
LP problems as given in Figure 5.4, since linear programming (LP), quadratic
programming (QP), and quadratically constrained quadratic programming
(QCQP) are particular cases of SOC.

A

Example 5.9. Semidefinite programming is of practical interest because it is
possible to solve SDP problems using efficient algorithms. However, some prob-
lems can be represented either as SDP or SOC problems. Below, we present the
solution in Python of a random instance of the following optimization problem:
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Hyperbolic cone

SDP
SOC

QCQP Qp
LP

Figure 5.4 Venn diagram that represents the relation among different connic
problems

min ¢t
clu>1 (5.51)

llull <t

import numpy as np

import cvxpy as cvx

n =10

¢ = np.random.rand(n)

u = cvx.Variable (n)

t = cvx.Variable()

obj = cvx.Minimize (t)

res = [c@u >= 1, cvx.SOC(t,u)]
ModelSOC = cvx.Problem(obj, res)
ModelSOC.solve ()

print ("SOC:",obj.value)

print ("Time:",ModelSOC.solver_stats.solve_time)

I = np.eye(n)

X = cvx.Variable((n+l,n+1), symmetric=True)
obj = cvx.Minimize (t)

res = [cRQu >= 1, X >>0]

res += [X[n,n] == t]

for k in range(n):

res += [ X[k,n] == ulk]]
res += [ X[n,k] == ulk]]
for m in range(n):
res += [X[k,m] == t*I[k,m]]

ModelSDP = cvx.Problem(obj, res)
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ModelSDP.solve ()
print ("SDP:",obj.value)
print ("Time:",ModelSDP.solver_stats.solve_time)

A semidefinite constraint is generated by a new variable X and the symbol >>
that indicates positive semidefinite*. It is interesting to see the difference in
time calculation for SDP and SOC problems. Usually, SOC is solved more effi-
ciently than SDP. The student is invited to experiment with different sizes of
the problem, changing the values of n. e

Example 5.10. Semidefinite programming is a highly flexible tool for mod-
eling; as we have seen, SOC, QP, and LP are particular SDP cases. Many
other optimization problems can be represented as SDP models. Table 5.1
shows a list of optimization constraints that can be transformed into an SDP
constraint.

Table 5.1 Constraints that can be transformed to SDP.

Constraint Semidefinite constraint
tI u
llull <t =0
u' ot
1+x
+y?<1 Y >0
y 1—x
d™x c¢'x
(cTx) -0
dlx c'x ot

5.3.3 Duality in SDP

Duality theory can be easily extended to SDP problems, for this, consider the
following problem:

4 Tt is essential to remember that >> is different from >=. The first symbol indicates the
matrix is positive semidefinite, whereas the second means that all the matrix entries are
positive.
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min tr(CX)
X>0

where affine constraints are represented using a trace function. Let us define a
Lagrangian funtion as follows:

L(X,z,Y) = tr(CX) + ), zi(b; — tr(AX)) — tr(YX) (5.53)

where Y is a square-symmetric and positive semidefinite matrix (Y = YT > 0)
and z is a vector. We can define the dual function just as in the case of general
convex optimization problems, namely:

W(z,Y) =inf L(x,z,Y) (5.54)

The following conditions are required to guarantee the existence of this infi-

mum?:

tr(CX) — ).z tr(AX) — tr(YX) = 0 (5.55)
tr(CX — D, zAX —YX)=0 (5.56)
LY ZiA+Y =C (5.57)

1

therefore, the dual problem takes the following form
max b’z
Y+Y zA,=C (5.58)
Y>0

Just as in any optimization problem, the dual problem is such that dual <
primal and the Slater conditions.

5.4 Semidefinite approximations

In Example 5.3, we showed how a hyperbolic constraint might be transformed
into a second-order cone constraint. Similarly, we can convert some non-convex
quadratic constraints into semidefinite thereof.

5 Here, we use the fact that the trace is distributive with respect to the sum.
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Let us consider the following quadratic equality constraint:
x"Hx =1 (5.59)

where H is a square matrix. This constraint is evidently non-convex, even in the
case of H semidefinite (recall equality constraints must be affine). In order to
find a semidefinite approximation, we define a new matrix X = xx', namely:

X1X1 X1Xy .. X1X,
X, X X, X e XHX

X=xx'=| "%t 7272 2 (5.60)
XpX1 XpXy e XpXy,

We can express the quadratic form as function of this matrix as given below®:
xTHx = tr(HX) (5.61)

Evidently, X is positive semidefinite and rank(X) = 1, then the following
constraint is equivalent to Equation (5.59):

tr(HX) =1
X>0 (5.62)
rank(X) =1

This set is convex except for the rank constraint. Therefore, we can generate a
convex approximation by relaxing this constraint. Notice the semidefinite con-
dition is imposed in X and not in H. Thus, the approximation is very general
for quadratic and hyperbolic problems.

Example 5.11. Consider the following quadratic optimization problem with
quadratic constraints:

min xTQx
xTx =1 (5.63)

with x € R?and Q = QT € R>*? given below:

1 03
Q :( 03 -2 ) 564

This problem is evidently non-convex; however, given its small size, it can be
solved easily using Lagrange multipliers. To do so, we define the following

6 Recall properties given in Section 5.3.1
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Figure 5.5 Graphical
1 ~~2  representation for the problem
g Equation (5.63): constraint (dark
BN N line), level curves of the objective
0.5 O s function (light lines)
20 S
—0.5 /// 2 <)
¥
-1 -0.5 0 0.5 1
Xo

Lagrangian function:

L, ) =xTOx + 11 —x"x) (5.65)

with the following optimal conditions
Qx—Ax=0 (5.66)
xTx=1 (5.67)

Therefore, we can conclude that A are the eigenvalues of Q and x are the uni-
tary eigenvectors of Q. The optimal solution is just the minimum eigenvalue.
Figure 5.5 shows the level curves of the objective function and the equality con-
straint in the space X, x;. The problem has one minimum and one maximum,
achieved at different points; that is to say, the solution is not unique.

This problem was easy to solve because it was defined in R?; the situation
becomes more and more complex as n increases since we require to evaluate
all possible eigenvalues and their corresponding eigenvectors.

Let us solve the problem using a convex approximation. We define a new
matrix X = xx' and the following optimization model which is completely
equivalent to Equation (5.63):

min tr(QX)
tr(X) =1
X>0 (5.68)
rank(X) =1



5.4 Semidefinite approximations

Now, we relax the rank constraint obtaining a semidefinite optimization prob-
lem with the following coding in Python:

import numpy as np
import cvxpy as cvx
Q = np.array ([[1,0.3]1,[0.3,-211)

X = cvx.Variable((2,2),symmetric=True)
fo = cvx.Minimize (cvx.trace (QR@X))

re = [X >> 0, cvx.trace (X)==1]

SDaprox = cvx.Problem(fo, re)

SDaprox.solve ()
print (' Aprox’, fo.value)
print (' Optimal’,np.linalg.eigvals (Q))

We have transformed Model Equation (5.63) with two decision variables
to Model Equation (5.68) with 4 decision variables. However, Model
Equation (5.68) is convex (after relaxing the rank constraint) whereas Model
Equation (5.63) is not. Finding a convex model improves the problem; in
most applications, we prefer a large convex model instead of a medium-size
non-convex problem. e

Example 5.12. Binary problems may be solved using semidefinite approxima-
tions. Consider the following quadratic problem with binary constraints

min xTQx

x; € {-1,1} (5.69)
In this case, the problem is binary although it takes values of x; = +1 instead

of 0,1 as usual. This binary constraint is transformed into a quadratic equality
constraint that is equivalent:

x?=1 (5.70)
Now we proceed as in the previous example obtaining a semidefinite model:

min tr(QX)
diag(X) =1 (5.71)
X>0

This approximation may be efficient in some problems, for example, in the max-
cut problem [26, 27].
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5.5 Polynomial optimization

A polynomial optimization problem is a model that can be represented as
follows:

min f(x)
p(x)=0 (5.72)
qgx)<0

Where f, p, and g are multivariable polynomials. These types of problems
are, in principle, non-convex and highly complex. Polynomial optimization
is very general since it encompasses linear, quadratic, and second-order opti-
mization problems as well as many non-convex problems. In addition, binary
constraints can be also transformed into polynomial constraints. For example,
a binary variable that takes values x = =+1, may be represented as x> =
1. More importantly, polynomial optimization problems can be efficiently
transformer into semidefinite optimization problems, as presented in this
section.

A particular type of polynomials is those that can be represented as a sum-
of-square (SOS), namely:

p(x) = Z(qi(x))2 (5.73)

Where g; are multivariable polynomials. This type of problem can be trans-
formed into semidefinite equivalents that are easier to solve. Below, we present
series of examples that show how to transform SOS problems into SDP. Our
exposition is practically oriented and based on the work presented by Parrillo
et al. in [28].

The main idea, is that any polynomial SOS can be transformed as the
equation presented below:

p(x) = (Qm(x))" (Qm(x)) (5.74)

where m(x) is a vector of monomials associated to p, and Q is a positively
semidefinite matrix.

Example 5.13. Let us consider the following multivariate polynomial,
namely:

p(x,y) = 2x* + 5x% + y? + 2yx? — 2xy (5.75)
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This polynomial is SOS since it can be represented as follows:

.
X 5 -1 0 X

ple,y)=| y -1 11 y (5.76)
x? 0 1 2 x?2

The vector of monomials is m(x,y) = (x, v, xz)T and a matrix Q is defined as
follows:
-
X doo do1 Yoz x
px,y)=| y G0 911 912 y (5.77)
x? 920 4921 42 x?

Therefore, the polynomial may be written as presented below:
p(x, ) = qooX*+(qo1+¢10)%Y+(doa+q20)X +q11Y* +(12+¢01 )y X +Gx*
(5.78)

Matching term to term, a set of equality constraints is obtained as
follows:

Qoo = 5
do1 + q10 = —2
Joz + d20 =0
g =1 (5.79)
G2+ qn =2
qx =2
Q=0

This is a feasibility problem that can be solved in Python, as presented
below:

import cvxpy as cvx
Q = cvx.Variable ((3,3))

obj = cvx.Minimize (0)

res = [Q[0,0] == 5,
Q[0,1]1+0[1,0] == -2,
Q[0,2]1+Q[2,0] == 0,
o[i,1] == 1,
o[1l,2]1+Q[2,1] == 2,

olz,2] == 2,
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Q >> 0.01]
SOS = cvx.Problem(obj, res)
SOS.solve ()

print (np.round(Q.value, 3))

The result of this script is the following positive semidefinite matrix

5 -1 0
0= -1 1 1 (5.80)
0 1 2

The eigenvalues of this matrix are 4 = (5.25,0.23,2.52), so it is a positively
semidefinite matrix. Therefore, p(x, y) is a sum-of-square polynomial. e

Example 5.14. Let us consider the polynomial given in Equation (5.81),
p(x) = x* —30x2 + 8x — 15 (5.81)

A plot of this polynomial is depicted in Figure 5.6.

From the plot, we can conclude that the function is non-convex and have
two local minimum at x = —3.94 and x = 3.8, with p(—3.94) ~ —271.25 and
p(3.8) = —209.28, respectively. The global optimum is therefore ~ —271.25.

Now, we formulate the problem as an approximated SOS optimization model,
as presented below:

min ¢t
x*—30x*+8x—-15—t € SOS (5.82)
0
—100
=
Q
—200

Figure 5.6 Plot of polynomial p(x) = x* — 30x2? + 8x — 15



5.6 Further readings

The SOS factorization of this polynomial is given below:

T

1 du 912 i3 1
X d2 922 4923 X (5.83)
x? 931 432 433 x?

Matching term by term, we obtain the following equivalent semidefinite pro-
gramming model:

max ¢
Q=Q">0
g3z =1
2¢,3=0 (5.84)

G2 +2q13 = —30
2q1, =38
qu =—-15—-t

The optimal solution to this problem is obtained using CvxPy. The optimal
value corresponds to —271.2461. That is the expected valued, according to
Figure 5.6. Therefore, we have found the global optimum of the problem. The
critical step in this problem was to transform a question from the multivariate
polynomials’ space to the positive semidefinite matrices’ space and solve the
resulting model. e

5.6 Further readings

Second-order cone optimization and semidefinite programming are two of the
most common type of conic optimization problems. Other applications and
theoretical details can be studied in [29] and [30]. A useful review of linear
algebra is essential to understand these concepts. See for example [16] and
[21] where there is an excellent presentation of basic concepts such as deter-
minant and quadratic forms. This chapter showed fundamental mathematical
aspects. However, conic optimization has several power systems applications,
especially in the optimal power flow problem. This aspect will be presented in
Chapter 10.

Some aspects associated with polynomial optimization and, in particular, the
sum-of-squares problems were also presented in this chapter. A complete study
of this subject from the point of view of algebraic geometry is found in [28].
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Importantly, SOS is not the unique type of polynomial optimization problem.
However, SOS problems have the advantage of being representable as SDP and,
therefore, they can be solved efficiently by means of algorithms of convex opti-
mization, such as the interior point method. Another approach closely related
to SOS and polynomial optimization is the Lasserre hierarchy. A good review
of this subject can be found in [31] and [32].

5.7 Exercises

1. Make a function in Python that generates random square-semidefinite
matrices of size n X n.

2. Generate random instances of the following quadratically constrained
quadratic program:

minx Hx +r'x

X™Mx+b"x4+c<0 (5.85)

Where H and M are positive semidefinite. Transform the problem into an
SOC model and solve in Python.

3. Generate an example in Python for each of the cases given in Table 5.1.

4. Make a plot of the average execution time vs n for both the SOC and the
SDP representation. Analyze the results.

5. A linear programming problem can be represented as an SDP prob-
lem. Generate a random instance of a linear programming problem and
transform it in an SDP. Implement the code in Python and analyze the
results.

6. A simple way to calculate an area, volume or hyper volume is by means
of Monte Carlo integration. Suppose we are interested in calculating the
shadow area in Figure 5.7, then we proceed as follows: first, we initialize a
variable s = 0, next, we generate random values of x, y such that —x,, <
X < Xpax A0d =Y max < ¥ < Yimax; if the point (x, y) belongs to the are a (such
as the area A) then s < s + 1; we repeat this procedure for n iterations (n
requires to be a high value in order to obtain a good approximation); the
area can be calculated as (s/1)(4XnaxYmax)- Use this procedure to calculate
the area of the ellipsoid given in Example 5.7 for a random positive definite
matrix H. Analyze also the case for calculating the volume of an ellipsoide
in R3 and a hypervolume in R*.

7. The exponential function is convex, however, it can be approximated to
an SOC constraint. Use a Taylor expansion around 0 and generate an SOC
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Ymax

7 x
~Xma /;\ / Xmax

™ Ymax

We

Figure 5.7 Example of a Monte Carlo integration. We add only the points inside the
area that requires to be calculated

approximation of the following set:

exp(x) <z
1 1
Z<x< = .
5Sx<3 (5.86)
Evaluate the accuracy of the approximation.
8. Solve the following SDP using Python
min x +y (5.87)
x 1
> .
( 1y ) >0 (5.88)
x+y<3 (5.89)

Plot the feasible set, formulate and solve the dual problem, and analyze the
results.

9. Semidefinite programming models can be solved by interior point methods.
In this case, a constraint of the form X > 0 can be penalized by a barrier
function given by ¢(X) = —u In(det(X)). Use this fact to solve the following
feasibility problem:

min 0
X>0 (5.90)
tr(X) =1
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The following equations can be useful:
d In(det(X)) —x
15).¢

dtr(AX)
— Y7 A 91
e (5.91)

where both A and X are square matrices.

10. Generate a random instance of the problem presented in Example 5.12

for Q € R'0. Find the optimal solution using a brute-force search and a
semidefinite approximation. Compare the solution.

-1
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Robust optimization

Learning outcomes

By the end of this chapter, the student will be able to:

e Represent uncertainties through an uncertainty set.
e Formulate simple, robust optimization problems.

6.1 Stochastic vs robust optimization

So far we have been concerned with the problems of the following form:

min f(x,B) (6.1)

Where x € R”" is a vector of decision variables, and £ is a vector of parame-
ters. However, it is common that 8 is not completely known. Hence we require
to decide in the presence of uncertainty. There are two classical ways to deal
with this problem, namely: stochastic optimization and robust optimization.
In stochastic optimization, it is assumed that the probability distribution of
is known. We need extensive statistical data to define this distribution. In prac-
tice, this information may not be available. In robust optimization, we require
less information since we only assume that 8 is in a closed uncertainty set U.
In this case, our goal is to find an optimal solution in the sense of f and, at the
same time, a feasible solution regardless of the value of 8 € U. We want the best
solution in the worst-case scenario. Below, we present a naive introduction to
stochastic optimization, and next, we present the robust approach.

Mathematical Programming for Power Systems Operation: From Theory to Applications in
Python. First Edition. Alejandro Garcés.

© 2022 by The Institute of Electrical and Electronics Engineers, Inc. Published 2022 by John
Wiley & Sons, Inc.
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6.1.1 Stochastic approach

There are several ways to deal with randomness and risk in stochastic optimiza-
tion. One of the strategies, called here and now, assumes that the optimization
problem is solved at the beginning of the planning horizon, taking into account
future uncertainty. The second strategy is called wait and see. In this strategy, we
make some decisions at the first stage and make modifications throughout the
planning horizon. In both cases, we require a suitable model of the stochastic
process.

A common objective for stochastic problems is to minimize an expect value,
as presented below:

min E(f(x, B))
BeM (6.2)

where M represents the probability space in which 3 lives. There are many
ways to represent M. For example, it may be represented as a set of discrete
scenarios with a given probability, or as a continuous distribution function. In
any case, the challenge is not only the representation of the uncertainty but the
tractability of the resulting optimization model.

6.1.2 Robust approach

In a robust optimization problem, we have a continuous uncertainty set U that
contains f. This set plays a similar role than M in the stochastic approach.
However, we do not have additional information related to the probability, i.e.,
we know that  belongs to U, but we ignore which regions are more probable.
Therefore, we can define an optimization problem that seeks to minimize f
under the worst-case scenario of 3, as given in (6.3),

min gsupf(x, ,8)} (6.3)
X (Beu

A critical step in the problem above is defining the uncertainty set U to obtain
a tractable and realistic problem. In the following sections, we present how
to define this set and how it is related to the objective function and the prob-
lem’s constraints. We use the following simple linear programming problem to
present the main concepts:

min ¢’

a'x<b (6.4)

X

where c, a, and/or b may be uncertain parameters of the model.
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6.2 Polyhedral uncertainty

Let us consider the case in which a is contained in a polyhedral uncertainty set
U C R" defined as follows:

U={a: DTa<d} (6.5)

The problem seems highly complex since both a and x are unknown. However,
the problem can be solved in two step: first, we determine a model with a worst-
case outcome and then, we optimize this model. The worst-case outcome for
(6.4) is given below:

(sup aTx> <b (6.6)
aclU
Then, the following optimization problem is raised:
P(a) = {sup aTx% (6.7)
aclU

This is a linear programming problem, where the decision variables are a, and
the uncertainty set U is a polytope given by (6.5). Therefore, we can define a
primal problem P(a) written as follows:

max a'x
Pla) = { DTa<d } (6.8)
Next, we define the dual problem D(y), as given below?:
min y'd
Dy)=4 y'D=x (6.9)
y20

The following linear programming problem is obtained, after replacing into
(6.4):

min c"x
y'd<b
y'D=x (6.10)
y>0

The previous analysis considered only data uncertainty in the constraints.
However, the objective function may also be subject to uncertainty. In that case,

1 The reader is invited to review Section 3.5 for studying the basic duality theory.
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it is convenient to transform (6.4) into the following equivalent representation:

min z
c'x<z (6.11)

a'x<b

Thus, the uncertainty set must now include the values of c. The following
example helps to understand this model.

Example 6.1. Let us consider the following optimization problem:

min 3x, + 5x;
Xg+x, 21 (6.12)

Xg, X1 =0
The solution to this problem is x = (1,0) with objective function z = 3. Let

us suppose now, the coefficients in the objective function are uncertain, with a
maximum deviation of +0.5. The following polyhedral uncertainty is defined:

U ={(cy,c;) : 2.5< ¢y <3.5,45< ¢, <5.5} (6.13)
We define the worst-case outcome as follows:
min z
Sup COXO + Clxl S z
(co,c)EU
Xo+x, 21 (6.14)
Xp, X1 =0
The primal problem P associated to the uncertainty set is given below:
1 0 3.5
-1 0 |{ ¢ 2.5
< 6.15
0 1 ( o ) =1 55 (6.15)
0 -1 —4.5



6.3 Linear problems with norm uncertainty

Now, we formulate the dual model to obtain a robust equivalent, namely:
min z
3.5y9 — 2.5y + 5.5y, —4.5y; < z
Yo —=V1=Xo
Va—Y3 =X (6.16)
Xo+x; 21
Xp, X1 =0
Y0, Y1,¥2,¥3 20

The solution to this problem is z = 3.5. This solution is, indeed, worst than the
solution of (6.12). However, it is the best solution in the worst-case scenario,
i.e., it is a robust solution.

6.3 Linear problems with norm uncertainty

Uncertainty may also be represented by a closed ball B in R". In that case, all
coefficients a are uncertain. However, we might know they are inside a ball
with center in « and radius 6, as follows:
min ¢"x
a’x<b (6.17)
a€eB={aeR":a=a+ 8§ with, ||| <1}

where ||| is any norm in R". Likewise the polyhedral uncertainty, we require
to determine the wort-case outcome, is given below:

(sup aTx> <b (6.18)
aeB

However, this is not a linear programming problem, since the set of feasible
solutions, B, is non-linear. Therefore, the following optimization problem is
raised:

max o' x +6&Tx

lEll <1 (6.19)
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Table 6.1 Dual norms for the most common cases.

Norm Dual norm
norm-1 norm-oco
norm-2 norm-2
norm-oo norm-1

where the decision variables are £. We can formulate the dual model associ-
ated with this problem and proceed in the same way as in the previous cases.
Nevertheless, a more systematic way to solve the problem is by defining a new
function called dual norm, as follows:

llyll,, = sup{yTx, |Ix|| <1} (6.20)

This norm holds all properties presented in Section 2.2. In addition, it is a
bijective operation, which means that the dual norm of ||-||,, is again ||-||. Table
6.1 shows the dual norms of the three most common cases.

With this useful definition, we can easily formulate a tractable model for
(6.17), namely:

min c¢'x
a’x+68|x|l, <b (6.21)

notice this is a convex optimization problem since a norm is a convex function.
The problem might be reduced to a linear programming problem for the cases
of 1-norm and co — norm. It is a second-order cone optimization problem for
the case of the 2-norm.

Example 6.2. Let us consider the following linear programming problem:

min z = —8xy — 7x; — 9x,
Xg + X, +x, <10 (6.22)
x>0
This problem has an optimum in x = (0,0,10)" with z = —90. Now, let us

consider the case in which the coefficients associated to the first constraint are
a = (ag,a;,a,)" with

(ap— 1% +(a; =12 +(a,—1)* 0.1 (6.23)

This constraint is equivalent to say that a = (1,1,1)T + & with [|£|| < 0.3162.
Therefore, the equivalent robust optimization problem is given by the following
model:
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min — 8xy, — 7x; — 9x,

Xo + X1 + Xy + 0.3162 ||x||2 < 10 (624)

x>0
The optimal solution of this problem is z = —70.1356 with ¥ = (2.685,
]

0, 5.406).

6.4 Defining the uncertainty set

The uncertainty set can be defined using statistic information of the parame-
ters. For example, it might be the case that a € R is a single variable which
is normally distributed, i.e., a ~ N(a, o), where a is the mean and o is the
standard deviation. The probability density function of a is presented below:

Y(a) = L exp <_1 (a - a)2> (6.25)

o\2r 2 o

We can define a confidence interval U for a. Hence, the probability that a
belongs to U is given by (6.26),

Prob(a € U) = f P(a)da (6.26)
u

With this simple approach, we can define the uncertainty set for a single param-
eter a. The main idea is to replace the constraint in (6.4) by a chance constraint
as follows:

Prob(ax <b) > (6.27)

where 7 is the probability given by (6.26). This equation implies that the
probability of meeting the constraint is above a given value 7.

Example 6.3. Figure 6.1 shows the probability density function for a parame-
ter a with mean o = 20 and standard deviation o = 1. The set U constitutes a
confidence interval for the robust optimization problem. Two uncertainty sets
are defined in Figure 6.1, namely: U, = [19,21] and Uy = [18,22]. The set U,
includes values between +o with a probability Prob(a € U,) = 68%, while the
set Uy includes values between +2¢ and its probability is Prob(a € Uz) = 95%.
These probabilities were calculated using (6.26). e

This same idea may be applied for a in higher dimensions, for example,
a € R". In that case, the univariate normal distribution is replaced for a mul-
tivariate normal distribution with the following probability density function:

115



116

6 Robust optimization

Figure 6.1 Probability
density function for a variable
with mean & = 20 and
standard deviation o =1

<— 68% —>

95%

Figure 6.2 A multivariate
normal distribution in R?

P(a) = B S exp (—%(a —a)'Sa - oc)) (6.28)

v 27)r det(S)

where « is a vector of mean values, and S is a positive definite covariance
matrix. This multivariate distribution can be used to define the uncerntanty
set as presented in the next example.

Example 6.4. Figure 6.2 depicts a probability density function for R2. The
confidence intervals are now replaced by the following confidence regions,

U,

={aeR?: (a—a)"S(a—a) <y} (6.29)
These confidence regions are ellipsoid as depicted in Figure 6.3 e

Example 6.5. The probability associated to a confidence region U, can be
calculated using a numerical approach, based on Monte Carlo simulation.Let
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63%

a
w
T
1

2.5 1

b === I I I I I [
2 3 4 5 6 7 8

Qo

Figure 6.3 Confidence regions for a multivariate normal distribution in R?

us consider a multivariate normal distribution with ¢ = (5,3) and S =
diag(3.24,0.25). We use the function Multivariate Normal from the module
SciPy to generate R random scenarios of a; next, we count the number of
scenarios in which a € U,; this number is stored in a variable 7;,; the proba-
bility Prob(a € U,) is given by 7, /Rpeints- This approach is more precise for a
high value of npins. The code in Python is presented below:

import numpy as np
from scipy.stats import multivariate_normal
alpha = np.array([5,3])
S = np.array([[3.24,0],10,0.25]11)
p = multivariate_normal (alpha,S)
n_points = 10000
Sinv = np.linalg.inv(S)
gamma = 5
eta_in = 0
for k in range (n_points):

a = p.rvs()

w = np.array (a-alpha)

z = w.T@Sinv@w

if z <= gamma: eta_in += 1
print ('Prob = ’,eta_in/n_points)

Notice this method can be applied to any distribution in R". e

A linear constraint a'x < b with a ~ N(a, S) can be transformed into a
robust optimization problem by defining a confidence ellipsoid given by (6.29).
Without lost of generality, we define a new parameter § ~ N'(0, S); therefore,

the linear constraint takes the following form:
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a’x+sup (§Tx)<b (6.30)
o€,
with
U, ={§eR": 87716 <y} (6.31)

This set can also be defined using a second-order cone, as presented below:

U, ={§ R : y2|s76

| <1} (6.32)

where S~* is the Cholesky decomposition of S~!. This decomposition exists
since S is positive definite. Let us define a new variable z = y~/2S~"/>5, then,
the robust constraint can be represented as follows:
a’x + sup (y72z"S"°x) <b (6.33)
llzll<1
The supreme in the left-hand side of (6.33) can be represented as the dual

norm of norm-2. Consequently, the robust constraint is defined by the following
second-order cone:

ax +y7||sx

|<b (6.34)
This is, evidently, a convex constraint.
Example 6.6. Let us consider the following linear programming problem:
min g = —10x, — 15x;
apXo + a1 x; <10 (6.35)
Xp, X1 =0
Where a = (ay,a;)" is normally distributed with mean « = (5,3) and
covariance matrix S = diag(3.24,0.25) (the same parameters of Example 6.5).
The solution to this linear programming problem for a = ais g = —50
and x = (0,10/3)T. The robust solution can be calculated with different
degree of robustness. For instance, for y = 5 we have a 92% probability to

hold the constraint. The equivalent robust optimization problem is presented
below:

import numpy as np

import cvxpy as cvx

c = np.array([-10,-15])

alpha = np.array([5,3])

S = np.array([[3.24,0],[0,0.25]])
M = np.linalg.cholesky (S)

r = np.sqrt(1/5)

x = cvx.Variable (2, nonneg=True)
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obj = cvx.Minimize (c.T@x)
res = [cvx.SOC(r*x10-r*xalpha.T@x,M@x) ]
Model = cvx.Problem(obj, res)

Model.solve (verbose=True)
print (np.round(x.value, 3))
print (np.round (obj.value))

The solution of this problem is g = —36 and x = (0, 2.428)". This solution is
clearly lower than the solution of the base problem. However, this solution is

robust enough to guarantee that the solution is feasible in 92% of the scenarios.
A

Another simple but common case of robust optimization, is when the uncer-
tainty is associated to b in (6.4). In that case, the constraint may be transformed
into a robust problem as presented below:

a'™x<¢7'(n) (6.36)

where ¢;1 is the quantile function? associated to the distribution of b, and 7 is
the probability to hold the constraint. It is not required that this distribution is
normal.

Example 6.7. Let us consider the following constraint:
8x +15y<b (6.37)

where b is normally distributed with mean ¢ = 10 and standard deviation
o = 1. We can see the histogram for this parameter by generating a high num-
ber of random scenarios and using the corresponding function in MatplotLib,
as follows:

import numpy as np

import matplotlib.pyplot as plt
b = 10 + np.random.randn (10000)
plt.hist (b, 20)

plt.grid()

plt.show ()

The quantile with a given probability is obtained using the quantile function,
as presented below:

2 The quantile function is defined as ¢;"(p) = inf {b € R : F(b) > p}; F is the cumulative
distribution function.
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’print(’Quantile at 98%: ’,np.quantile(b,1-0.98))

This function results in a value of b = 7.9. Therefore, the robust constraint
associated to (6.37) is (6.38),

8x + 15y <7.97 (6.38)
]

Example 6.8. The numerical method presented in the previous example can
be extended to obtain robust solution in problems where b has a distribution
different from the normal distribution. That is the case of the wind velocity
which is often approximated by the Weibull distribution. However, the distri-
bution of the generated power is different, since the output power of a wind
turbine depends on its control. Usually, a wind turbine is controlled to obtain
maximum efficiency for wind velocities between 0 and v,,,; consequently
the turbine is controlled to obtain nominal power; finally, for wind velocities
higher than v,,,,, the turbine is blocked. This control can be represented by the
following equation:

3
Prom (V/Vnom) 0 <V < Uyom
p(v) = Pnom Unom < U < Unax (6.39)
0 U > Upax

Let us consider a wind turbine with v,,,, = 12 and v,,,, = 25. This turbine
is located in an offshore emplacement where the wind varies according to a
Weibull distribution with scale factor 4 = 13 and shape a = 2. A histogram of
this variable can be obtained as follows:

import numpy as np

import matplotlib.pyplot as plt

v = 13%np.random.weibull (2, 10000)
plt.hist (v, 20)

plt.grid()

plt.show ()

However, we may be interested in the distribution of the output power; there-
fore, we define (6.39) as a Python function, as presented below:

def wind_power (w) :
p =20
if >0) & (w<=12) :
= 2% (w/12) x%3
>12) & (w<=25) :
=2
return p
pt = np.zeros(len(v))

(w

b
if (w

p
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for k in range(len(v)):

pt[k] = wind_power (v[k])
plt.hist (pt)
plt.grid()

Finally, we can evaluate the quantile function for different probabilities,
namely:

q=1[]
for k in range (100) :
g += [np.quantile (pt,1-k/100)]
plt.plot (qg)
plt.grid()

This plot allows obtaining different quantiles according to the expected proba-
bility.

6.5 Further readings

Robust optimization is a rich area of research with many impressive theoretical
results. Several applications can be found in scientific journals; for example, an
application for smart grids can be found in [33]. A general review of robust
optimization is available in [34].

Another approach to deal with the uncertainty in optimization problems is
using stochastic optimization. A complete analysis of this approach is beyond
the objectives of this book. An excellent presentation of this subject is given
in [35].

6.6 Exercises

1. Demonstrate the relation between the norm and dual norm for the cases
shown in Table 6.1. Use the definition of dual norm, given by (6.20), and the
theory presented in Section 2.2.

2. Consider a norm ||x|| and its corresponding dual norm ||x||,,. Show that
these norms holds the following inequality:

xTy < Ix[iyll, (6.40)

3. Example 6.2 used norm-2 to define the uncertainty set. Formulate and solve
the same problem but now using norm-1 and norm-co.
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4. Consider a matrix H = H' > 0 and the function

n(x) = x"Hx (6.41)

show that n(x) is a norm and determine its dual norm.

. Consider the following optimization problem

min f(x)
a’x<b (6.42)

where a is a vector contained in the ellipsoid € = {a"Ha < 1}, with H > 0.

. Solve the problem in Example 6.6 for different values of y. Show plots of g

vs y and Probability vs y.

. Repeat the calculations of Example 6.5 for a € R3; consider a normal dis-

tribution a ~ N(a, S) with a = (15,12,25)" and S given by the following
matrix:

1.0 05 0.1
S=| 05 20 01 (6.43)
01 01 20

. Find a robust counterpart for the following optimization problem:

min ax + by + cz
X+y+z=100
0<x<9§ (6.44)
0<y<é
0<z<$6

with § = 50; a ~ N'(30,4),b ~ N'(31,2),and ¢ ~ N (32,1);

. Solve the previous problem but now § ~ N'(50, 3).
10.

Robust optimization tends to be too conservative since robust solutions may
occur when all the parameters deviate simultaneously to the worst condi-
tion. This condition, although robust, may be unlikely in practice. One way
to qualify the solution is by using cardinality constrained uncertainty. In this
approach, the uncertainty set is represented as a polyhedron; however, we
shall allow at must I coefficients to deviate. Let us consider Model (6.4) with
a = a + &, with the following primal problem:
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max §Tv
v = |xlw;
Dw, <T (6.45)
0<w; <1

Formulate the dual problem associated with (6.45) and the robust counter-
part of the original problem.
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7

Economic dispatch of thermal units

Learning outcomes

By the end of this chapter, the student will be able to:

o Formulate the problems of economic and environmental dispatch.

¢ Include constraints related to the active power loss.

o Include constraints related to the transmission lines’ capacity con-
sidering the transportation model or the linear power flow.

7.1 Economic dispatch

The economic dispatch of thermal units was one of the first mathematical
programming applications to power systems operation. Historically, the first
implementations of economic dispatch models coincided with the computer
development, which allowed to make automatic calculations efficiently and
in real-time [36]. The problem consists of determining the most economical
manner of operation to supply a given load condition. Each thermal power
plant has a different relationship between input (i.e., fuel) and output (i.e.,
electric power) according to the type of fuel, thermodynamic cycle, and par-
ticular plant characteristics. Therefore, a cost function is defined for each
thermal unit. Figure 7.1 depicts schematically, the economic dispatch prob-
lem for three thermal units supplying a single load. In its most basic form, the
effect of the grid is neglected leading to an optimization problem as given in
Equation (7.1),

Mathematical Programming for Power Systems Operation: From Theory to Applications in
Python. First Edition. Alejandro Garcés.

© 2022 by The Institute of Electrical and Electronics Engineers, Inc. Published 2022 by John
Wiley & Sons, Inc.
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min )’ fi(py)

keT

D p=d (7.1)

keT

where J is the set of thermal units, f} is the cost function for each unitk € 7,
Dr is the generated power, and d is the total demand. In this model, a number
of simplifications were made on the manner in which power systems would
be operated. For instance, power losses, grid constrains, and capacity of the
generation units were neglected (these aspects will be considered later on in
this chapter). Model Equation (7.1) can be solved by the method of Lagrange
multipliers with the following Lagrangian:

L(p, ) =Y, filp) +Ad =D py) (7.2)

keT k

The first-order condition for optimal solution is obtained by deriving £ with
respect to py:

9f _ ;-0 (7.3)
9Pk

The value of df,/dp; is known as incremental cost. Therefore, the optimal
dispatch is obtained when the incremental costs of all thermal units are the
same. The second condition is obtained by deriving £ with respect to 4 and
gives the power balance (i.e., the sum of the generation must be equal to the
demand).

Cost functions are usually represented as quadratic function as given in
Equation (7.4),

a
Fep) = 5P} + by + ¢ (74)

where a;, by, ¢, are constants fit from data of the input to output relation of
each thermal unit. A quadratic representation of the thermal units simplifies
the problem enormously. The optimal conditions are the following set of linear
equations that can be easily solved in practice:

aipx + bk =1 (75)
2 p=d (7.6)

ke
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$,

fo(po)

Figure 7.1 Three thermal units with their respective cost functions for the economic
dispatch problem.

Actual power units have limits of minimum and maximum generation (p™",
p™*) that must be included into the model as follows:

min ) fi(py)

keT

> p=d (7.7)

ker

PPt S p < pp™, VkeT

The effect of these inequality constraints is shown in Figure 7.2. We may obtain
the most economical dispatch by solving a set of linear equations if the solution
is within the operating limits (that is the case for 1,). However, one unit may
achieve full load before the others, as is the case of Unit 2 for the incremental
cost Az. In that case, Unit 2 is set to the maximum (p, = p™*) and the rest
of the demand is supplied by the other two units, at equal incremental cost. In
general, the problem is solved as a quadratic optimization problem as presented
in the following examples.
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ofo oh o
dpo opy )}
l l Ap
! ! !
o
| | |
|pmm pam Po |pmm péw P |pmm pau P2
Figure 7.2 Incremental cost for three thermal units considering capability
limits.

Example 7.1. Let us consider a system with two thermal units that supply a
demand of d = 200 MW, where the costs functions of each unit is given below:

031 ,

folpo) = —=p5 +38po (7.8)
0.22
filpy) = TP% +46p, (7.9)

Our objective is to supply demand at the minimum cost. Therefore, we require
to minimize the following Lagrangian equation:

Jo(po) + f1(p1) + A(d — po — p1) (7.10)
which results in the following set of linear equations:

0.31py +38—1=0 (7.11)

0.22p; +46 —1=0 (7.12)

Do + p1 =200 (7.13)

The solution of this linear system was p, = 98.11, p; = 101.88 and 4 = 68.42.
The code in Python for solving this simple problem, is presented below:

A=11[0.31,0,-1],10,0.22,-11,11,1,011
b = [-38,-46,200]

x = np.linalg.solve (A,Db)

print (x)

This problem was simple enough to be solved without any optimization solver.
However, as the number of variables increases, the problem becomes more
complicated. In addition, the presence of box constraints for the maximum and
minimum power generation, makes necessary the use of a general quadratic
programming solver.



7.1 Economic dispatch

Table 7.1  Cost functions and operative limits for a system with six thermal units [37].

pmin pmax ax bk X ﬁk
Unit  (MW)  (MW)  ($/MWh®)  ($/MWh)  (lbb/MWh®)  (lb/MWh)

TO 10 125 0.30494 38.5390 0.00838 0.32767
T1 10 150 0.21174 46.1591 0.00838 0.32767
T2 35 210 0.07092 38.3055 0.01366 —0.54551
T3 35 225 0.05606 40.3965 0.01366 —0.54551
T4 125 315 0.03598 38.2704 0.00922 —0.51116
T5 130 325 0.04222 36.3278 0.00922 —0.51116

Example 7.2. Consider a system with six units with parameters given in Table
7.1 and demand d = 1200 MW.

For the sake of simplicity, the values of ¢, were set to zero'. The economic dis-
patch consists on a quadratic programming problem, given by Equation (7.7),
that can be coded in Python as follows:

import numpy as np
import cvxpy as cvx

pmin = [10,10,35,35,125,130]

pmax = [125,150,210,225,315,325]

a = np.diag([0.30494,0.21174,0.07092,0.05606,0.03598,0.042227)
b = [38.5390,46.1591,38.3055,40.3965,38.2704,36.3278]

d = 1200

p = cvx.Variable (6)

obj = cvx.Minimize (1/2+cvx.quad_form(p,a)+b*p)

res = [sum(p) >= d , p>=pmin, p<=pmax]

Model = cvx.Problem(obj, res)

Model.solve ()
print (p.value)
print (' Incremental Cost:’,res[0].dual_value)

The economic dispatch for this case is p = (66, 59, 210, 225,315, 325)" and the
incremental cost is A = 58.66 (the reader is invited to implement the code to
prove the results). Notice that the objective function is convex since a; > 0. In
addition, the function is strictly convex, therefore, this is the global and unique
optimum of the problem. e

Example 7.3. Linear models are common for economic dispatch problem
in modern electricity markets. In that case, the optimization model is highly
simplified, as presented below:

1 Parameters a, 8 will be used in other examples below.
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min Z Ck Pk
k
D =d (7.14)
k
0<p<p™

The following heuristic algorithm, known as merit order method, can solve
this linear problem: First, all units are organized according to the price ¢;, from
the unit with minimum cost to the unit with maximum cost (i.e., ascending
order of price). Next, each unit is dispatched with its maximum power until
the total demand is supplied. The spot price is the dual variable associated to
the power balance constraint. e

Example 7.4. A linear model might be obtained from the quadratic cost
as given in Figure 7.3. A linear approximation enormously simplifies the
optimization model.

In that case, each thermal unit is represented by a linear cost function ¢ py,
where the value of ¢} can be calculated as follows:

max
p

2
, a
min f (gkpk - %Pi - bkpk) dpi (7.15)

0

This is a simple minimum square problem with the following solution:

3a
S = Tkpmax + by (7.16)

The economic dispatch is transformed into a linear programming model with
this approximation. Example 7.2 was solved with this model obtaining the fol-
lowing result: p = (115, 10, 210, 225, 315, 325)T. Notice the linear model agreed

cost

max

p

Figure 7.3 Linear approximation of quadratic cost functions.
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with the quadratic model in p; to ps but it was not accurate for p, and p;.
However, total costs were not that different in one and the other case.

Example 7.5. It might be the case that ¢, in Equation (7.14), is unknown, but
determined by a temporal series, i.e, ¢, = ¢ = &y, where §; is normally dis-
tributed with mean u = 0 and standard deviation d,. In that case, we can
obtain a robust optimization model for the economic dispatch problem. The
robust optimization problem is the one presented below:

min z

D &b +v? =2z
k

Z Ok Pk
k

D =d (7.17)
k

OSPSPII{MX

where y defines the size of the confidence region?. The second-order cone in
the first constraint can be interpreted as a penalization factor for a deviation of
the cost c;. A high penalization factor results in a robust although perhaps not
very efficient solution. A trade-off between cost and robustness can be defined
by this parameter. e

Example 7.6. Uncertainty in the load or renewable power generation (e.g.,
solar and wind) can be introduced in the model by using robust optimization. In
that case, we just change the power balance for the following robust constraint:

D P <87 (7.18)
k

where ¢;1 is the quantile function of the load d, and 7 is the desired probability.

Al

7.2 Environmental dispatch

Another problem closely related to economic dispatch is environmental dis-
patch. In this problem, the cost function is replaced by an emission function
that considers greenhouse gas emissions such as sulfur oxides (SOx) and nitro-
gen oxides (NOx). The former has a quadratic form, whereas the latter is

2 See Chapter 6.

133



134

7 Economic dispatch of thermal units

usually characterized by an equation consisting of a straight line and an expo-
nential function. Thus, the environmental dispatch has the same structure as
Equation (7.7) with emission functions given by Equation (7.19).

o
Je(pr) = jkpi + Bi Dk + Vi €xp(Micpr) (7.19)

Notice this function is convex if o, > 0. The analysis of this type of problem is
straightforward.

Example 7.7. Solve the environmental dispatch problem for a power system
with six units presented in Table 7.1 where only SOx emissions are considered
(i.e., the objective function is quadratic). The script for solving the problem
is the same as Example 7.2 replacing the values of a, for «; and b, for .
The solution is p = (125,150, 188, 188, 275,275)", notice this solution is differ-
ent from the economic dispatch since economic and environmental objectives
are usually contradictory. For example, the unit T0 was dispatched with less
power in the economic dispatch than the environmental dispatch since it is
more expensive but less pollutant. e

The economic dispatch and the environmental dispatch are usually contra-
dictory objectives. Therefore, it is required to study the problem as a multiobjec-
tive optimization. Although there is a trend in the scientific literature of power
systems for using heuristic algorithms in multiobjective optimization prob-
lems, the economic/environmental dispatch has convex objectives that allow
an immediate solution, as presented below.

Consider two optimization problems with the same set of feasible solutions
but two contradictory objectives, f4 and f; this situation can be represented
as Equation (7.20).

min {f,(x), fp(x)}
£ =0 (7.20)
g(x)<0

Solving the problem concerning f, may lead to an unacceptable solution
regarding f and vice versa. Therefore, it is required to find a trade-off between
the two objectives. We can find this trade-off through the concept of the Pareto
frontier. Consider three feasible solutions A, B, C depicted in Figure 7.4 for a
two-objective optimization problem. Solution A is better than B regarding f 4,
but B is better than A regarding fz. However, no solution is better in both objec-
tives simultaneously. This type of solution is named as non-dominated solution.
Instead, C is a dominant solution since there are better solutions in both objec-
tives (i.e., solutions A and B are better than C in both objectives). The set of
non-dominated solutions is called the Pareto frontier, and the multiobjective
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fa

Figure 74 Example of a Pareto frontier for two contradictory objective functions
that require to be minimized.

problem is considered solved when the Pareto frontier is found. The final deci-
sion about the dispatch is made by the transmission system operator using this
frontier; for example, the transmission system operator may decide the maxi-
mum deviation of the economic dispatch that it is willing to accept to reduce
emissions.

The Pareto frontier can be found by transforming the multiobjective problem
into a single-objective problem as follows:

min §f4(x) + (1 = &) fp(x)
Fx)=0 (7.21)
g(x)<0

where & is a real number between 0 and 1. This model is convex since both f ,
and fp are convex. The Pareto frontier is obtained by solving the problem for
different values of £ as presented in the example below:

Example 7.8. Consider the economic/enviromental dispatch for the system
presented in Table 7.1. In this case, it is required to define the single-objective
model Equation (7.21) and solve for different values of £ between 0 and 1 as
follows:

import numpy as np

import cvxpy as cvx

import matplotlib.pyplot as plt

pmin = [10,10,35,35,125,130]

pmax = [125,150,210,225,315,325]

a = np.diag([0.30494,0.21174,0.07092,0.05606,0.03598,0.042227)
b [38.5390,46.1591,38.3055,40.3965,38.2704,36.3278]

alpha = np.diag([0.00838,0.00838,0.01366,0.01366,0.00922,0.00922]
beta = [0.32767,0.32767,-0.54551,-0.54551,-0.51116,-0.51116]
d = 1200

def Pareto(xi):
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p = cvx.Variable (6)
f_ecn = 1/2*cvx.quad_form(p,a)+b.TCp
f_env = 1/2xcvx.quad_form(p,alpha)+beta.Tlp

fo = cvx.Minimize (xixf_ecn+ (1-xi)+f_env)
res = [sum(p) >= d , p>=pmin, p<=pmax]
Model = cvx.Problem(fo, res)

Model.solve ()
return [f_ecn.value, f_env.value]
points = 10
F_ecn = np.zeros (points)
F_env = np.zeros (points)
for k in range (points):
xi = 1/(k+1)
F_ecn[k],F_env([k] = Pareto(xi)

plt.plot (F_ecn,F_env,marker="0")
plt.grid()
plt.xlabel (' Economic’)

plt.ylabel (Enviromental’)

The reader is invited to execute the script and compare the results with previous
examples. e

7.3 Effect of the grid

Transmission lines impose restrictions on the economic/environmental dis-
patch that must be considered in the model. These constraints can be repre-
sented by three different models, namely: transportation model, linear power
flow (DC-model), and non-linear power flow equations (or AC-model). The
first two models are discussed in this section. The third model is studied in
Chapter 10 together with the optimal power flow problem.

A first approximation of the grid constrains is based on the classic transporta-
tion model (see Example 4.5 in Chapter 4). In this model, the grid is represented
by a graph G = {IV, £} where )V is the set of nodes and € C V' X V is the set of
branches (i.e., transmission lines and transformers). Branches are included in
the model by adding new variables s; that represent the active power flow for
each branch j. The main constraint is the capacity of the line/transformer:

Is;| < s (7.22)
this constraint can be transformed into a box constraint as follows:
_ omax . < gmax
SP <5y <5 (7.23)

On the other hand, loads are now distributed along the nodes forming a vector
of R" where n is the number of nodes. The power balance is now defined in
each node as follows:
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Dpi—di= ), #s; (7.24)

ieA jeQy

where A and Q are the set of generators and lines connected to node k. The
sum in the right-hand side of the equation must take into account the orienta-
tion of the flux, thus s; is positive if j departs from k and negative if it arrives
to k. This concept is better understood by the following example:

Example 7.9. Consider the grid shown in Figure 7.5. Solve the economic dis-
patch considering the cost functions given in Table 7.1 and the transportation
model of the grid. All lines have a capacity of 300 MW. The complete model is
as follows:

min Zfi(pi)

do + So1q + Sorb + 803 + Sos — Po — p1 =0

dy — Sp1a — So1p + 12+ 8515 =0

dy =S+ 85— p,—p3=0

d3 - So3 + S34 - p4 = 0 (7.25)

dy — 534 —Soa+ 845 =0

ds — $15— 85— S45s — ps =0

—sTX <s; < ST V) € {01a,01b,03,04,12, 15, 25, 34,45}

pMt < p; < p™X, Vi €10,1,2,3,4, 5}
Power balance equations include power demand, generation and flows in the
directions shown in Figure 7.5. Two lines can connect the same nodes as is the
case of 01a and 01b; also, two generators can be connected to the same node as
is the case of p,, p; and p,, p;. Loads are now a vector d = (0, 800, 0, 0, 400, 0.

The script for solving this problem starts as in Example 7.2 and continues
with the following code:

ng = 6 # number of generators
nl = 9 # number of lines
6 # number of nodes
smax = nl*[300]
d = [0,800,0,0,400,0] # demand

nn =

Lambda = (0,0,2,2,3,5) # generators location

Omega = ((0, 1), (0,1),(0,3),(0,4),(1,2),(1,5),(2,5),(3,4),(4,5))
# grid

s = cvx.Variable (nl) # power flows

EgB = nnx[0] # equation of balance of energy
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Figure 7.5 Power grid with six nodes and six generators. All lines have a capacity of
200 MW.

for j in range(nl):
k = Omega[]][0]
m = Omegal[3][1]
EgB[k] += s[7] # flow in departing from k
EgB[m] += -s[j] # flow arriving to k
for k in range (ng):
nl = Lambdal[k]
EgB[nl] += -pl[k]

res = [p>=pmin, p<=pmax, s<=smax, -s<=smax]
for k in range (nn):
res += [EgB[k] + d[k] ==0]
obj = 1/2*cvx.quad_form(p,a)+tbx*p
Model = cvx.Problem(cvx.Minimize (obj), res)

Model.solve ()
print (' Generation:’,np.round(p.value))
print ('Flows:’ ,np.round(s.value))

The active power flow in each line, including the double circuit between nodes
0and 1, is represented by the array s; loads are represented as a vector of size six,
and EgB represents Equation (7.24) i.e., the balance of energy for each node.
The round solution for this model matches to Example 7.2.

Load flows are s = (137,137, —200, 50, —241, —284,194,115, —235)". Notice
some power flows such as sy; and s;, are negative which indicates the power
flows in the opposite direction.
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The transportation model allows to include grid constraints into the eco-
nomic/environmental dispatch problem. However, it is an oversimplification
of the problem (it could be more useful in radial grids). We must include power
flow equations into the model. A simple yet accurate approximation of the
power flow equations is the linear power flow, also known as dc power flow?.
In this case, the power flow in each branch j = km is given by the following
expression:

6, —06
Sj = sbasex—jm (7.26)
where 6, is the angle of the voltage in k and 6,, is the voltage in m; x; is the
branch impedance in per unit and s, is the nominal power for per unit rep-
resentation (recall p and s; are given in MW). Let us consider the following

example to understand the influence of this constraint.

Example 7.10. The economic dispatch problem presented in Example 7.9 is
now solved taking into account the linear power flow. All lines have the same
impedance x = 0.02 with s,,,, = 100. The model is the same as in the previous
example including additional variables and constraints as follows:

snom = 100

x = nlx[0.02]

th = cvx.Variable (nn) # nodal angles

res += [th[0] == 0] # angle reference
for j in range(nl):

k = Omega[3][0]

m = Omegal3j][1]

res += [x[Jj]l*s[]J] == snomx (th[k]-th[m])]
ModelLPF = cvx.Problem(cvx.Minimize (obj), res)

ModelLPF .solve ()

The new economic dispatch was p = (94,100,178,188,315,325)" origi-
nated by a redistribution of the power flows which are now given by the
vector s = (133,133, —129, 57, —300, —234, 66,186, —157) . Notice that line 12
achieves its maximum capability. This effect was not identified with the trans-
portation model, hence the importance of including power flow equations. The
new dispatch is more expensive, but it is feasible with the conditions of the grid.

3 The term dc power flow comes from an analogy between the linearized model and a linear
dc grid [38]. We discourage this name since it can be confused with the power flow in grids
that are actually dc.
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7.4 Loss equation

Losses can be included in the economic dispatch model by a simple quadratic
equation and a power flow calculation. We must include both inductances and
resistances of transmission lines in the model through the nodal admittance
matrix or Yy,,,. Therefore, nodal currents and nodal voltages are related by the
following expression:

Tyus = YiusVous (7.27)

We can also define the nodal impedance matrix Z,,, = Yb‘uls; this inverse exists
as long as the graph is connected, including a connection with grown, there-
fore, capacitance of the lines must also be included. Nodal voltages are given
by Equation (7.28)

Vius = Zvusous (7.28)
nodal power in each node is given by the following equation
Pr + jqi = vk Iy (7.29)

where v, and 6, are the magnitude and the angle of the voltage. Therefore,
the current can be represented as function of the nodal voltages as given in
Equation (7.30)

I [ Picos() + i sin(6y) \ . [ pi sin(B) — gy cos(6;)
bus(k) — Uk +J Uk

) (7.30)

On the other hand , total power losses are given by

Dioss = real (Vbusp;us) (7.31)

where (-)! represents the transpose and complex conjugate. This equation can
be represented as function of the real and imaginary parts of the current,
namely:

Pioss = real(IT )Rbus real(Ibus) + imag(IT )Rbus iInag(Ibus) (732)

bus bus

where Ry, = real(Yyy) = [rrn] € R™". Replacing Equation (7.30) into
Equation (7.32) and after a lengthy but straightforward algebraic manipula-
tions, the following loss equation is obtained:

Poss=P'Bp+h'p+uw (7.33)
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where B € R™" is a positive definite matrix whose entries are given by
Equation (7.34),
coS(Bi)

bkm =Tkm UL (734)
m

and h is a vector given by Equation (7.35),

=2 rim sinon) (7.35)

mee UkUm

finally, w is a scalar given by Equation (7.36)

W= > Fim c()S(ek"")cqum (7.36)

ke& mee

Notice that r, is the input km of Ry, and not the resistance of the line km,;
in fact, it may be the case that there is no transmission line between k and m
and yet, there is an r,, in the R, matrix. Equation (7.33) constitutes a convex
quadratic form, therefore, it can be relaxed to the following convex inequality

Dloss 2 pTBp + th +w (7.37)

It is common in the literature of economic dispatch to neglect h and w in
the loss Equation (7.33). This approximation could be justified in cases where
reactive power is negligible. However, it is advisable to consider these terms in
cases where the information is available®.

Under ideal conditions, the Lagrangian function associated to the economic
dispatch with losses is given by the following expression:

L£(p, ) = Y filpe) + 2 (d + Ploss — 2, pk) (7.38)
keT
therefore, optimal conditions are given by
6] 6]
ﬁwl( Ploss —1):0 (7.39)
Opk Ok

and hence the incremental costs are

4 This simplification was also common in times where the computational resources were
limited as presented in [39].
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where £, is a penalty factor that considers the effect of power loss, this factor is
given by Equation (7.41)

1

b=
g 1- aploss/apk

(7.41)

Example 7.11. Let us solve the economic dispatch for the system presented in
Example 7.2 with the following loss matrix

50 10 O 0 20 0
10 50 O 0 0 10
0 0 60 0 0 10

B= 1076 7.42
0 0 0 35 20 o |* 0 (7.42)
20 0 0 20 370 40

0 10 10 0 40 480

both h and w are zero, therefore, it is easy to transform Equation (7.37) into the
following second-order constraint

”31/2 p” <z (7.43)
where BY/2 is the Cholesky factorization of B, and z is an auxiliar variable such

that z2 = p;. The code in Python is the same as in Example 7.2 modifying the
set of constraints as given below:

B = [[50, 10, 0, 0, 20, 1,
[10, 50, 0, 0, o, 107,
[ 0, 0O, 60, 0, 0, 101,
[ 0o, O, o0, 350, 20, 1,
[20, o0, o, =20, 370, 401,
[ 0, 10, 10, 0, 40, 48011

Bchol = 1E-3sxnp.linalg.cholesky (B)

z = cvx.Variable ()

res = [sum(p) >= d + z*x2, p>=pmin, p <= pmax]

res += [cvx.SOC (z,Bchol.T@p) ]

The new dispatch is p = (117,133, 210, 225, 315,324)7, total power loss is z% =
124. Penalization factors were & = (1.03,1.02,1.03,1.2,1.37,1.52)"; the first
two generators had a lower penalization factor compared to the last generator,
and hence it is efficient to dispatch the last generator with less power>. e

5 The penalization factor was calculatedasxi = 1/ (1-2E-6xnp.array (B)@p.value)
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7.5 Further readings

The economic/environmental dispatch has been studied for a long time in the
scientific literature. It is interesting to see how the problem used to be solved
on analogical computers compared to how it is solved today [40]. The algo-
rithms can be classified into exact methods as presented in this chapter and
metaheuristic algorithms as shown in [37]. Nevertheless, metaheuristic algo-
rithms and artificial intelligence entail a lack of understanding of the problem;
they are usually based on biological or social metaphors that may divert atten-
tion from the power systems problem (see [41] for an analysis about the use of
these biological metaphors).

Models for the economic dispatch in actual power systems are more complex
than those presented here. They can include constraints related to the stabil-
ity, security, and reliability of the grid [42]. In addition, grid codes and market
regulations introduce conditions that must be considered in the model. Such
complex problems are usually solved by distributed algorithms [43].

Linear and piecewise linear cost functions are also standard for the economic
dispatch problem. The student is invited to read [44] for a complete numerical
review of different linear implementations.

7.6 Exercises

1. Plot the incremental cost function for each of the six thermal units presented
in Example 7.2; plot also the optimal operation cost vs demand for the system
presented in Example 7.2 with 345 < d < 1350.

2. Formulate in Python the optimization model for Example 7.4; compare
results.

3. Solve the problem presented in Example 7.2 but this time, the load varies
according to to a load curve d = (0.5,0.3,0.4,0.6,0.8,1.0,0.9,0.8)". Plot the
optimal incremental cost for each load.

4. Solve the multi objective economic dispatch problem presented in Example
7.8 but this time, consider the emission of NOx with 7 = 0.0123 and y = 0.25
for all the units. Show the Pareto frontier as well as a plot of incremental costs
vs incremental emissions.

5. Solve the problem presented in Example 7.11 without considering a limit
in p™**. Compare results considering and without considering the loss
equation.

6. Write Equation (7.37) as a second-order constrain considering both 4 and w.

7. Power loss in a transmission line can be approximated to the following
equation
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P~ gimby,, (7.44)

where gy, is the admittance of the line. Use this approximation to include
loss into the economic dispatch with linearized power flow. Use the param-
eters of Example 7.10 with r = 0.01 for all transmission lines.

8. Compare results of the transportation and the linear power flow models.
Experiment with different values of s™ and x;.

9. Repeat the previous exercise, eliminating lines 3-4, 4-5, and 2-5.

10. Show the matrix B given in Equation (7.34) is positive semidefinite (hint:

take into account that the Hadamard product of two definite matrices is also
a definite matrix).
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Unit commitment

Learning outcomes

By the end of this chapter, the student will be able to:

¢ Identify the difference between the economic dispatch and the unit
commitment

e Solve basic problems of deterministic unit commitment

e Include transmission constraints into the model by a linear power
flow formulation.

8.1 Problem definition

The economic dispatch presented in Chapter 7 is a continuous problem decou-
pled in time; the latter means that current decisions do not affect future
operation. However, this picture is incomplete since a power system presents a
dynamic behavior due to loads’ daily changes. Therefore, a dynamical model is
required.

The starting-up of a thermal power plant is not instantaneous since the boiler
requires suitable pressure and temperature conditions to generate power, as
shown in Figure 8.1. Shutting-down is not instantaneous either. Besides, sev-
eral physical and economic limitations such as the minimum operative time
and the maximum off-line time must be considered in the model. All these
constraints introduce binary variables into the optimization problem. Thus,
the unit starts generating power when the temperature is between T, and
Thom; below Ty, the unit requires fuel to maintain the temperature, but the
output power is zero. This implies costs that must be included in an opti-
mization model named unit commitment. This problem is discrete since the

Mathematical Programming for Power Systems Operation: From Theory to Applications in
Python. First Edition. Alejandro Garcés.

© 2022 by The Institute of Electrical and Electronics Engineers, Inc. Published 2022 by John
Wiley & Sons, Inc.
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Figure 8.1 Simplified model for the starting-up of a thermal power plant.

time in which the unit is connected (committed) or disconnected from the grid
(de-committed) is part of the decision; hence the problem dynamic. Additional
constraints are also included in the model, related to the ramps of start-up and
start-down in each thermal unit. In the following sections, we present the basic
model with the most common constraints. As in all the previous chapters, we
offer only toy-models in order to understand the problem.

8.2 Basic unit commitment model

Unlike the economic dispatch, the unit commitment requires considering each
individual unit into the model. For example, a combined cycle power plant may
have five gas units and two steam. Each of these units must be considered in
the model since they have a different dynamic performance. Gas units are more
flexible with relatively fast start-up time compared to steam units.

We consider a time horizon T = {0, 1, ..., T}, for example one day or one week
with discrete steps in hours. Thermal units are grouped in a set J° with three
types of costs, namely:

foperation + fstart-up + fshut-down (81)

Operation costs (fperation) are€ linear or quadratic functions as presented in
Chapter 7; start-up (fsareup) and shut-down costs (fshyt-down) are linear func-
tions that depend of the status (on/off) of each power unit. Therefore, binary
variables are required to identify each transition. A set of variables {;; are
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defined such that ¢, = 1 if the unit k is operating at the time ¢. The starting-
up action is defined by another binary variable y,, such that y,, = 1 if the
unit k was disconnected in time ¢ — 1 and connected in the time ¢. Similarly, a
binary variable §,, is defined such that §;, = 1 if the unit was connected at time
t — 1 but disconnected at time ¢. Additional constraints are required in order to
identify starting-up and shutting-down as presented below:

Mt = Ot = Siee — Skema (8.2)
Mie + 61 <1 (8.3)
gk[? Hict» 5kt € {07 1} (84)

Notice that these constraints uniquely meet the conditions presented in Table
8.1 for binary variables ¢, u, 8. Thus, 4 = 1 only in the case the unit starts to
operate; similarly, § = 1 only in the case the unit is disconnected.

Table 8.1 Logic table for operation ({),
start-up (u) and shut-down (§) conditions.

Se-1 Se Mie e
0 0 0 0
0 1 1 0
1 0 0 1
1 1 0 0

With these binary variables, it is possible to define the cost functions for a
time horizon, as presented below:

foperation = Z Z aktpit + bipie + Ckgkt (8.5)
keT teT

fstart-up = Z z czp:ukt (8.6)
keT teT

S shut-down = Z Z C}iownakt (8.7)
keT teT

These functions may be more complex in practice. For example, the start-up
cost depends on how long the unit was de-committed since the cost is lower as
the initial temperature is higher. A detail model of the start-up cost may include
exponential cost functions as presented in [45]. However, it is common practice
to linearize these functions. Notice that ¢ affects the fixed costs in foperation
under the assumption that the unit incurs this cost only when connected.
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The variable ¢ affects also the operation limits of the thermal units as
follows:

$ie D™ < pre < PP (8.8)

thus, p;; = 0 when ¢}, = 0. The model is completed with the power balance at
each time ¢ as presented below:

. 2 up d
min Z Z A Py, + bipi: + il + Cp Mir t Ckownékz

keT teT

Zpkt=dt’ VteT

keT

gktp;cnin <SP S P, VEET,kET (8.9)

Mt = Okt = St — ki1, VEET, K ET
g+ 0, <L, VtET,kET
$ki> Mit> O €10,1}, VEET, ke T

This is the basic model of the unit commitment problem. However, it can be
complemented with additional constraints related to the grid. Practical applica-
tions combine the hydrothermal schedule with the unit commitment and even
with the ac optimal power flow. Therefore, Equation (8.9) may be considered as
a toy-model used to understand the problem. Let us see the model in practice:

Example 8.1. Let us solve the basic unit commitment problem for a system
with three thermal units. Parameters of the system are presented directly in
the following Python script:

a = np.array([0.0004984, 0.001246, 0.00623 1)

b = np.array([16.821 , 40.6196, 21.9296])

c = np.array([220.4174, 161.8554, 171.2004])

c_up = np.array([124.69, 249.22, 0])

z_ini = np.array([1,1,01])

pmax = np.array([220, 100, 20])

pmin = np.array([100,10,10])

d = np.array([178.690,168.450,161.840,157.830,158.160,163.690,
176.860,194.210,209.670,221.540,233.180,240.820,
247.030,248.470,253.830,260.900,261.120,251.680,
250.890,242.100,242.050,231.680,205.070,200.6901)

These values were adapted from [46] for 24h operation with c4°*™ = 0. The
optimization model is easily translated from Equation (8.9) to a Python script,
with T = dim(T) and n = T, as presented below:
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T = len(d)

n = len(a)

zeta = cvx.Variable((n,T), boolean=True)
mu = cvx.Variable((n,T), boolean=True)
delta = cvx.Variable((n,T), boolean=True)
P = cvx.Variable((n,T))

fop = 0 # operation cost

fsup = 0 # start-up cost

res = []

for t in range (T) :
for k in range(n):
fop = fop + alkl#*plk,t]l**2+b[k]l*p[k,t]l+clk]*zetalk,t]
fsup = fsup + c_up[k]*mulk,t]
res += [plk,t] >= pmin[k]~*zetalk,t]]
res += [plk,t] <= pmax[k]xzetalk,t]]

for t in range(T):
res += [cvx.sum(p[:,t])==d[t]]

for t in range(1,T):
for k in range (n):
res += [mulk,t]-deltalk,t] == zetalk,t]l-zetalk,t-1]]
res += [mulk,t]+deltalk,t] <= 1]

for k in range(n):
res += [mul[k,0]-deltalk,0] == zetalk,0]-z_ini[k]]
res += [mul[k,0]+deltalk,0] <= 1]

obj = cvx.Minimize (fop+fsup)
UnitC = cvx.Problem(obij, res)
UnitC.solve ()

print (UnitC.status, obj.value)

The optimal value was 100807. Binary variables can be plotted as follows:

plt.subplot (4,1,1)
plt.plot (p.value.T)
plt.subplot (4,1,2)
plt.pcolor (zeta.value)
plt.subplot (4,1,3)
plt.pcolor (mu.value)
plt.subplot (4,1,4)
plt.pcolor (delta.value)
plt.show ()
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Sk

P2
P
Po

10 12 2122 24

Figure 8.2 Unit commitment for a system with three thermal units.

Figure 8.2 shows the results for the binary variables of the problem. Notice
that 4 and & properly identify committed and de-committed time of each
thermal units. e

8.3 Additional constraints

The unit commitment problem can be complemented with additional con-
straints. For instance, a thermal unit may require maintenance at a particular
time. In that case, binary variables ¢}, must be zero during the time expected
to run maintenance.

Likewise, thermal units have minimum uptime and downtime. The former is
the minimum time the unit must be committed once it is turned on, while the
latter is the minimum time the unit is de-committed before it can be turned on
again. For example, if the minimum up time is 4h, we can define the following
constraint:

Sier1 + Sk + Siers + Sk = 4t (8.10)

This constraint force {; ., = -+ = {}44 = 1 when g = 1, that is to say, when
the unit is turned on. The same can be done for the minimum downtime. All
these constraints are affine, and hence, the model remains tractable.

Thermal units cannot achieve full load instantaneously; likewise, they can-
not pass instantaneously from full to zero load; therefore, the turning-on and
turning-off process require to be gradual. This is represented by ramping limits
as follows:
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Pkt — Pr—1 S Py (8.11)
Pri—1 — Pre < PO (8.12)

On the other hand, it is required to guarantee a fixed amount of power to
hedge the system against the sudden changes of load and generation. This
quantity, known as spinning reserve o, is included in the model as presented
below:

2 PP~ P 20, VEET (8.13)
ker
Notice the spinning reserve may be different for each time. For example, it could
be higher for the periods of peak load where load changes are greater.
Thermal units may have physical operation limitations that create prohibited
operating zones of power. These restricted zones must be included in the model
as additional binary variables and/or constraints.

8.4 Effect of the grid

Just like the economic dispatch and the hydrothermal schedule, the unit com-
mitment may include power flow constraints, either as dc or ac formulations.
For easy explanation, we present here the transportation model. AC power flow
equations can be included with linear or conic approximations, as explained in
Chapter 10.

Example 8.2. Consider the problem presented in Example 8.1 with the grid
shown in Figure 8.3. All lines have a maximum capacity of 100MW.

sMax =100
for all lines

60% 40%

Figure 8.3 Grid constraints for the unit comment problem.
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Let us code this grid in Python but this time, we use the module NetworkX
that allows to operate graphs; the command DiGraph generate an oriented
graph with the connections depicted in Figure 8.3. The graph can be plotted
as presented below:

import networkx as nx
grid = nx.DiGraph([(0,1), (0,3), (1,2),(1,3),(1,4),(2,4),(3,4)])
smax = np.array([100,100,100,100,100,100,100]) # smax lines

smax = smax;
nl = 7 # number of lines

nn = 5 # number of nodes
plt.figure ()

nx.draw(grid, with_labels=True)
plt.show()

We neglect power loss and therefore, nodal power can be represented as
function of the power flows, as follows:

pnode - Apﬂow (8.14)

where A is the incidence matrix which is calculated by the module NetworkX:

A = nx.incidence_matrix(grid, oriented=True)

Finally, we define a new variable p®" that represents the power flow in each
line and each time. We assume thermal units are connected to nodes 0 to 2 and
load is distributed between nodes 3 and 4 with 60% in node 3 and 40% in node
4. These considerations are transformed in constrains as presented below:

= cvx.Variable ((nl,T)) # power flows
p_node = cvx.Variable((nn,T)) # nodal powers
for t in range(T):

res +=[ p_flow[:,t] >= —-smax]
res +=[ p_flow[:,t] <= smax]
res +=[ p_node[:,t] == A@p_flow([:,t]]
res +=[ p_node[0,t] == p[0,t]]
res +=[ p_node[l,t] == pl[l,t]]
res +=[ p_node[2,t] == p[2,t]]
res +=[ p_node[3,t] == -d[t]*0.6]
res +=[ p_node[4,t] == -d[t]*0.4]
obj = cvx.Minimize (fop)

UnitG = cvx.Problem(obj, res)
UnitG.solve ()
print (UnitG.status, obj.value)

The optimal point is now 106795. As expected, the unit commitment was
affected by grid constraints. However, in this case, the starting-up and shutting-
down conditions are the same as in Example 8.1. This is not the general case.
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However, this system is tiny compared to current power systems, and the grid
has enough capability to transport all generated power. The reader is invited to
experiment with this model, modifying s™** and adding practical constraints in
the model. e

8.5 Further readings

A complete review of the unit commitment problem can be found in [47] that
includes stochastic and robust versions of the problem. More details about the
mathematical formulation and especially the use of binary variables can be
found in [45]. The model may include ac power flow constraints as given in
[46], where different test systems are available. An extension of the problem
for power distribution systems with renewable energy and storage devices can
be studied in [48].

Besides the mixed-integer programming approach presented in this chapter,
the unit commitment problem can be solved by heuristic techniques and
dynamic programming. A complete review of these approaches can be found
in [49].

8.6 Exercises

1. Make a comparative table between the unit commitment problem and the
economic dispatch.

2. Solve the problem presented in Example Example 8.1 as an economic dis-
patch problem, that is to say, without including start-up and shut-down
costs. Compare the results with the unit commitment.

3. Solve the unit commitment problem in the system presented in Example 8.1
considering a spinning reserve of o = 20 MW. Compare results.

4. Include now ramping limits as p"P = p4°"" = (55, 50,20)".

. Include a minimum up a limit of 4h for all thermal units.

6. Include power loss into the unit commitment model. Use a quadratic
approximation as presented in Example 7.11. Compare results.

7. Solve the unit commitment problem considering the transportation model
(Example 8.2) without using the module NetworkX.

8. Solve the problem presented in Example 8.2 using a linear power flow
instead of the transportation model. Use x;,,, = 0.01pu. Compare results.

w
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9. Solve the problem presented in Example 8.2, but this time the load is shared
50% between nodes 3 and 4.
10. Formulate the unit commitment problem considering the ac power flow
constraints. Identify the main characteristics of this model (we will learn
how to solve this type of problems in Chapter 10)
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Hydrothermal scheduling

Learning outcomes

By the end of this chapter, the student will be able to:

e Formulate the problem of the hydrothermal dispatch.

e Include hydraulic chains into the model.

o Study some non-linear constraints related to the model of hydraulic
units.

9.1 Short-term hydrothermal coordination

Hydropower is a renewable energy source with high potential around the world
[50]. Despite its advantages, such as high flexibility and fast dynamic response,
hydropower generation is highly vulnerable to complex weather patterns such
as El Nifio-southern oscillation. Therefore, systems with high hydropower gen-
eration capability are usually complemented with thermal units, and hence
economic dispatch requires considering both hydroelectric and thermal power
stations. This problem is more complex than the economic dispatch in all-
thermal units for two reasons: first, the problem is coupled in the time; and
second, the system may have hydraulic chains. The first aspect implies that
an operation decision at one time can affect the future operation of the grid.
The second aspect implies that an operative decision in a hydroelectric unit
upstream in a river (or hydraulic chain) may affect the hydroelectric units
placed downstream in the same hydraulic chain. These two aspects are studied
in this chapter.

Hydrothermal scheduling requires considering the dynamics of the electric
part and the dynamics of the hydraulic system, which includes the change in

Mathematical Programming for Power Systems Operation: From Theory to Applications in
Python. First Edition. Alejandro Garcés.

© 2022 by The Institute of Electrical and Electronics Engineers, Inc. Published 2022 by John
Wiley & Sons, Inc.
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the volume of the reservoirs and water discharges and spillage. These variables
may be related to other uses of the reservoir, for example, irrigation; hence,
additional constraints must be included in the model. These constraints can
also be related to the safety limits of the volume and/or discharges of the
Ireservoir.

The level of detail of the model of the hydroelectric system may vary from
one system to another. There are many types of hydroelectric and reservoirs,
and each one has a different type of model. Thus, the mathematical relation
between volume/water discharge and power may be linear or non-linear. In
addition, hydraulic chains can introduce delays in the inflows that affect the
entire system’s dynamic. To do this, we must add non-linear constraints related
to losses and cost of thermal units, and obtaining a model highly non-linear that
requires to be solved in real-time.

On the other hand, the modern power system may include pumped hydro-
electric storage power plants. This type of storage is becoming more popular
with the high penetration of renewable energies. Pump energy storage is just
hydroelectric units with two reservoirs and a reversible capability. Water can be
pumped from the low reservoir to an upper reservoir to store energy. The effect
of other renewable energies, such as wind and solar, must be included in the
model as well.

9.2 Basic hydrothermal coordination

Let us consider a hydrothermal system where the units are grouped in two sets,
H for hydraulic units and J° for thermal units. Incremental costs of hydroelec-
tric units are usually neglected in practice, then the objective function consists
of minimizing costs of thermal units, just as in the conventional economic
dispatch. However, the optimization model must include physical constraints
related to hydroelectric power plants. The problem becomes coupled in the
time since an operative decision in one instant can affect the subsequent oper-
ation. Moreover, decision variables are not only the generated power but also
the water discharge, spillage, and volume of the reservoirs.

Generated power in each hydroelectric uniti € J can be calculated as given
in Equation (9.1),

pi = (pgnih)q; (9.1)

Where p is the water density (~ 100kg/m?); g is the acceleration of the gravity
9.81m/s?; h; is the head of reservoir, measured in meters; #; is the efficiency
of the group turbine-generator; and g; is the water discharge in m3/s (i.e., the
flow passing through the turbine). The three most common types of turbines
are Pelton, Francis, and Kaplan. Pelton is impulse turbines used for high-head
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plants, while Francis and Kaplan are reaction turbines used for medium and
low heads, respectively. In regards to the water flow, Pelton turbines are used for
relatively low water flow rates while Francis and Kaplan are used for high water
flow [51]. The head and efficiency of the unit depending on the volume of the
reservoir and the water discharge; however, they can be considered constant for
hydro plants with large reservoir capability and in cases where the powerhouse
is placed at a long distance below the dam. In those cases, generated power can
be considered proportional to the water discharge, as given in Equation (9.2):

Di = miq;, Vi€ I (9.2)

where u; = pgn;h; is called turbine factor.

The dynamics of the reservoir must be considered into the model. It includes
the volume of the reservoir v, water discharge g, inflows a, and spillage s as
given in Equation (9.3),

Ui[+l = Ui[ + AT(ait - qi[ - Si[)’ Vl (S j'(,t S T (9.3)

where AT is the discretization of the time in the operation horizon T =
{0,1, ..., T} (usually AT = 1h). The horizon may be one day, one week, or one
month, discretized in hours or even minutes, according to the desired level of
detail. In this model, we assume an accurate forecasting of the inflows, so the
model is deterministic.

The entire model for the short-term hydrothermal dispatch is presented
below:

min D} > fi(Pe)

teT keT
DPit = MiQir Vie I
Uigg1 = Uig + Qip — Qi — Sig> VieH,teT
Zpit+2pkt=dta VieT
ieH keT
vl.mmSUitSU?‘ax VieH,teT
Mt < g < g™ VieH,teT (9.4)
pMt < py < ™= VieH,teT
Pt < prg < P Vke T teT
0 <s; <s™ VieH,teT
Vg = vinitial

0 = Ul

1

_ ,,final
Uit = Ui
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The model is similar to the conventional economic dispatch of thermal units;
just, in this case, the power balance equation includes both thermal and
hydropower plants. The objective function is associated with thermal power
plants’ operation cost since the incremental operating cost of hydroelectric
units is almost zero (a suitable approximation in practice). The objective func-
tion can be either quadratic or linear, according to the cost model of thermal
units. The rest of the constraints are related to the dynamics of the reservoir,
generated power of the hydroelectric, and box constraints that represent the
limits of each variable. Most of the constraints are affine in this basic model,
and hence the problem is convex, although it may present a high number of
decision variables. Initial and final values of the volume in the reservoirs are
obtained by a medium or long-term model of hydrothermal coordination®.

Example 9.1. Let us consider a hydrothermal system with one hydropower
plant py and one thermal unit p; with a linear cost function f = 19.2p;. Other
parameters of the system are " = 0, pi"® = 250, p® = 0, pi*™* = 150, yy; =
8.5, v™&X = 150, ™" = 80. The initial volume of the reservoir is vt = 150
while the final volume is required to be at least vfi"2! = 80. The demand and
inflows are presented in Figure 9.1.

The code in Python is a direct representation of Equation (9.4) as presented

below:

import numpy as np

import cvxpy as cvx

import matplotlib.pyplot as plt

d = (137, 139, 136, 129, 129, 141, 165, 200, 224, 232, 223, 231,
223, 220, 213, 207, 213, 214, 224, 228, 224, 212, 185, 159)

#load

a = (10,9,8,7,7,7,8,9,10,10,10,9,8,8,8,8,8,9,9,9,9,9,9,9)

# inflows

pH = cvx.Variable (24) # power hydro unit

(
pT = cvx.Variable (24) # power thermo unit
g = cvx.Variable (24) # water discharge
s = cvx.Variable(24) # spillage
v = cvx.Variable (25) # volume
cost = 0
res = [v[0]==150, v[24]==80]

for t in range (24):
cost = cost + 19.24pT[t]
res += [pH[t] == 8.5xg[t]]
res += [pH[t] + pT[t] == d[t]]
res += [80 <= v[t], v[t] <= 150]

1 Long-term hydrothermal coordination is a stochastic problem related to operational plan-
ning. Although its model is similar to the short-term hydrothermal coordination, the study of
this problem is beyond the objectives of this book. Interested reader is invited to see [52].
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res += [0 <= pT[t], pT[t] <= 250]

res += [0 <= pH[t], pH[t] <= 150]

res += [s[t] >= 0]

res += [v[t+1l] == v[t] + alt] - s[t] - glt]]
HydTh = cvx.Problem(cvx.Minimize (cost), res)
HydTh.solve ()

Despite being a system with only two units, the model presents 121 decision
variables, a very high number compared to a dispatch in an all-thermal system.
Nevertheless, the model is linear or, at most quadratic. Generated power in each
unit is given in Figure 9.2 together with the total demand. The power generated
by the hydroelectric unit is very flat, following a curve that guarantees the reser-
voir’s initial and final volume and minimizes the use of the thermal unit. The
power in the thermal unit tries to follow the demand at a minimum cost. e

9.3 Non-linear models

The linear model given by Equation (9.2) may be insufficient to represent accu-
rately hydroelectric units, specially in the case of variable-head hydro plants. In
those cases, a quadratic model that relates the output power with the water dis-
charge and the volume of the reservoir is required as given in Equation (9.5),

§ 200
o
C
©
g
g 150
0 2 4 6 8 10 12 14 16 18 20 22
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Figure 9.1 Power demand and inflows for a hydrothermal system.
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power (MW)

0 2 4 6 8 10 12 14 16 18 20 22
time (h)

Figure 9.2 Power demand and generated power.

Py =—-X"Ax+b'x+c (9.5)

where x = (vy,q;)" and A is a real-square 2 X 2 matrix; this equation
includes the effect of the turbine efficiency as well as the head variations that
in most hydroturbines, is given by the so called hill-chart curve [53]. This curve
describes a concave surface and hence A can be adjusted to a positive def-
inite matrix making Equation (9.5) a concave quadratic form? as shown in
Figure 9.3.

Equation (9.5) is clearly non-convex, however, it can be approximated either
to a semidefinite or a second-order constraint as presented in [54] and [55],
respectively.

On the other hand, the effect of the grid can be considered into the model, just
as in the case of thermal units, as presented in the following example adapted
from [56].

Example 9.2. A hydrothermal system consists on four units labeled as
{0,1, 2,3} where {0,1} are hydroelectric units and {2, 3} are thermal power
plants. Each hydroelectric unit has a non-linear relation to the water discharge
given by the following concave quadratic functions:

Po = —0.58¢; + 3.60q, + 0.89 (9.6)
p1 = —0.78¢7 +3.96q; +1.13 9.7)

2 Notice the sign minus in Equation (9.5).
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Figure 9.3 Quadratic function for a hydropower unit.

The minimum permissible water discharge is ¢ = 0.5 for both units. Generation
costs of the thermal plants are adjusted to the following quadratic forms:

f2(p2) = 0.80p, +0.02p; (9.8)
f3(p3) = 0.78p; + 0.03p; 9.9)

In addition, power losses are given by the following loss-formula matrix

0.05 —0.02 0.01 0.00
—0.02 0.06 —0.02 0.01
B= 0.01 —0.02 0.04 0.00 (9.10)

0.00 0.01 0.00 0.02

Initial and final volume are 10 pu for reservoir 0 and 12 pu for reservoir 1.
Inflows and power demand for 12 h operation are included in the following
script:

import cvxpy as cvx

p = cvx.Variable((12,4)) # hydro = {0,1} thermal = {2,3}

pL = cvx.Variable(12) # losses

v = cvx.Variable((13,2)) # volumne

g = cvx.Variable((12,2)) # water discharge

a=1[[0, 0.6, 1.2, 1.2, 1.2, 1.8, 2.4, 1.5, 1.2, , 0, 071,
3.

2 0.9
[0, 0.0, 0.0, 1.5, 0, 4.5, 4.5, 1.5, 0.0, 0.0, 0, 011
# inflows
.05,-0.02, 0.01, 0.007,

0
-0.02, 0.06,-0.02, 0.011,
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[ 0.01,-0.02, 0.04, 0.001,
[ 0.00, 0.01, 0.00, 0.02]] # loss matrix
d=18, 7, 7, 6, 7, 8, 9, 8, 7, 7, 8, 8] # demand
cost = 0
res = [v[0,0] == 10, v[0,1] == 12, v[12,0]==10, v[12,1] == 12]

for t in range(1l2):
cost = cost + 0.02%p[t,2]**x2 + 0.80xp[t,2]
cost = cost + 0.03xp[t,3]**x2 + 0.78xp[t, 3]

res += [sum(p[t,:]) == d[t] + pL[t]]
res += [pL[t] >= cvx.quad_form(p[t,:],B)]
res += [gl[t,:] >= 0.5]
res += [p[t,:] >= 0.0]
res += [p[t,0] + 0.58xq[t,0]**2 - 3.60%q[t,0] + 0.89 <= 0 ]
res += [plt,1] + 0.78%qg[t,1]**2 — 3.96*%q[t,1] + 1.13 <= 0 ]
res += [v[t+l,0] == v[t,0] + a[0][t] - gql[t,0]1]
res += [v[t+l,1] == v[t,1] + a[l]l[t] - glt,1]1]
HydTh = cvx.Problem(cvx.Minimize (cost), res)

HydTh.solve ()

In this case, the code was a little different from the previous example. First, gen-
eration power was saved in a single vector where the two first terms correspond
to hydraulic units and the last two to thermal units. Spillages were set to zero,
and quadratic functions were included as inequality constraints. Notice this is
an approximation that requires to be evaluated after solving the optimization
problem. As always, the reader is invited to execute and experiment with tl;e
script.

9.4 Hydraulic chains

Generation systems may contain hydraulic chains where the spillage and water
discharge of one unit are part of the inflows of other units downstream, as
shown in Figure 9.4. Hydraulic chains constitute a hydraulic network where
each node represents a reservoir. Therefore, a balance of flows must be included
for each of these reservoirs as given in Equation (9.11),

Ujp = Ujp—1 + Qi — i — i + Z (Qje—r + S )ViETI,tET (9.11)

JjeQ,
where Q; represents the set of nodes that are connected to reservoir i in the
hydraulic chain?. Notice that Equation (9.11) is an affine constraint, hence the
problem remains convex. On the other hand, flows that come from an upper
reservoir to a lower reservoir do not arrive immediately. Therefore, a time delay

3 For the hydraulic chain given in Figure 9.4, we have that Q, = {0, 1} and Q, = {2}, whereas
Q, and Q, are just empty.
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Figure 9.4 Example of a hydraulic chain where g; represents inflows, v; volume, g;
flow, s; spillage, and t; delays.

7; must be considered in each branch of the hydraulic network. This constrain
is not relevant for medium and long-term hydrothermal coordination, but it
is important in short-term scheduling. Box constraints related to spillage and
water discharge must be carefully considered in hydraulic chains. Safety levels
of the rivers and other uses of the reservoir introduce additional constraints to
the problem [57].

Example 9.3. A power generation system consists on a large thermal unit and
the hydraulic chain depicted in Figure 9.4. Operation cost of the thermal unit is
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linear and given by f(p) = 19.2p. Parameters of the system including demand

and inflows are coded in Python as follows:

numh = 4

vmin = [80,60,100,70]

vmax = [150,120,240,160]

vini = [100,80,170,120]

vend = [120,80,170,100]

gmin = numh=[0]

gqmax = [15,15,30,30]

smin = numhx[0]

smax = numh=[10]

pHmax = numhx* [500]

pHmin = numhx*[0]

pTmax = 2500

pTmin = 0

a=1[[ 9.0, 7.5 2.5, 2.81,
[ 9.2, 8.0, 3.0, 2.47,
[ 9.5, 8.8, 4.0, 1.61,
[ 9.6, 9.0, 4.5, 1.071,
[ 9.8, 9.3, 4.3, 1.0],
[ 9.9, 9.5, 4.0, 1.01,
[10.0, 10.0, 3.0, 1.071,
[10.3, 10.2, 2.0, 1.371,
[10.5, 10.3, 1.5, 1.51,
[11.0, 10.3, 1.0, 1.61,
[11.2, 10.5, 1.0, 1.71,
[11.5, 10.4, 1.8, 1.51,
[11.4, 10.3, 2.3, 1.57,
[11.3, 10.0, 3.0, 1.371,
[11.2, 9.8, 3.0, 1.21,
[10.0, 9.5, 2.8, 1.271,
[ 9.3, 9.3, 2.5, 1.21,
[ 8.6, 9.0, 2.0, 1.01,
[ 7.5, 8.8, 1.8, 1.071,
[ 7.0, 8.7, 1.6, 0.87,
[ 7.2, 8.6, 1.6, 0.81,
[ 7.3, 8.3, 1.8, 0.81,
[ 7.4, 8.0, 2.0, 0.8],
[ 7.5, 8.0, 2.0, 0.811

d = [685,695,680,645,645,705,825,1000,

1115,1100,1065,1035,1065,1070,1120,1140,
[6.5,5.5,9.4,4.7]

miu =

1120,1160,1115,1155,
1120,1060,925,795]




9.5 Pumped hydroelectric storage

A linear model for the hydrothermal scheduling is presented below, where
delays were neglected:

import cvxpy as cvx
pT = cvx.Variable (24)

PH = cvx.Variable ((24,numh))
v = cvx.Variable ((25,numh))
g = cvx.Variable ((24,numh))
s = cvx.Variable((24,numh))
cost = 5000

res = []

for t in range (24):
cost=cost + 19.2xpT[t]
res+=[pT[t] >= pTmin, pT[t] <= pTmax]
rest+=[sum(pH[t, :])+pT[t]==d[t]]
res+=[v[t+1l,0]==v[t,0]+al[t][0]-s[t,0]-glt,0]]
res+t=[v[t+l,1l]==v([t,1l]+al[t] [1]-s[t,1]-qglt,1]]
res+=[v[t+l,2]==v[t,2]+alt][2]-s[t,2]-9lt,2]

+s[t,0]+glt,0]+s[t,1]l+qglt,1]1]

rest=[v[t+l,3]==v[t,3]+alt] [3]-s[t,3]-qlt,3]+s[t,2]+ql[t,2]]
for k in range (numh) :

res += [v[0,k] == vini[k], v[24,k] == vendl[k]]
res += [v[t,k] >= vmin[k], vI[t,k] <= vmax[k]]
res += [gl[t,k] >= gmin[k], glt,k] <= gmax[k]]
res += [s[t,k] >= smin[k], s[t,k] <= smax[k]]
res += [pH[t,k] >= pHmin[k], pH[t,k] <= pHmax[k]]
res += [pH[t,k] == miulk]x*qglt,k]]

HydTh = cvx.Problem(cvx.Minimize (cost), res)

HydTh.solve ()

The model does not grow significantly in the number of variables. It is required
only to include additional constraints related to the balance of flows in each
reservoir in the hydraulic chain. Otherwise, the model is the same as the pre-
vious cases. Spillages are important in hydraulic chains since they affect the
power production of hydraulic units placed downstream. In some cases, the
optimization model could introduce spillages in one reservoir in order to supply
another reservoir and increase power generation. e

9.5 Pumped hydroelectric storage

Pumped hydroelectric storage is a classic technology that is recovering atten-
tion due to the increasing penetration of wind and solar generation. These new
types of renewable resources present high variability, and hence energy stor-
age is required. A pumped energy storage system consists of two reservoirs
connected with a combined pump/turbine system as shown in Figure 9.5. In
generation mode, water flows from the upper to the lower reservoir, generating
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upper reservoir

turbine/pump lower reservoir

Figure 9.5 Schematic representation of a pumped hydroelectric storage system.

power to the electric grid. In charging mode, water is pumped from the lower
to the upper reservoir taking electric power from the grid.

Finding a suitable place for building a pumped hydroelectric storage sys-
tem is the main limitation of this technology. However, construction of a lower
reservoir placed deep underground and directly below the upper reservoir can
reduce this limitation [58]. Efficiency and energy density is another main limi-
tation; the total efficiency of the existing pumped hydroelectric storage system
isaround 70—85% [59]. However, the use of variable speed systems can increase
these values [60].

Compared to other storage technologies, pumped hydroelectric have the
largest capacity in both energy and power, which varies from 1 to 300 MW.
The turbine/pump system is usually placed just below the upper reservoir, con-
nected with a vertical tunnel or penstock. Many existing pumped hydroelectric
consist of separate pump and turbine systems, but current configurations are
based on reversible turbines. A separate pump and turbine system allows for a
shorter transition time between pumping and generation modes, but its cost is
high.

The model of a pumped hydroelectric requires considering the dynamics of
the reservoir, just as in the case of hydraulic chains.

vffl = v?p —q; (9.12)

oM =0 +q, (9.13)
The model must include inflows and spillage in case they exist. The model
must consider the net efficiency » for a charge/discharge cycle as presented
in Equation (9.14).

pE" —np™ == uq, (9.14)
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where p&" is the power generated by the pumped hydroelectric and pP™? is the
power required from the system to pump water to the upper reservoir. Pump-
ing requires more energy than is obtained by generating and hence n < 1.
Equation (9.14) is valid only if p#" is not positive simultaneously. That is to
say the system is generating or pumping but not the two at the same time. This
condition can be added to the model as the following set of constraints:

gen

0<p; <p"™x

0<p}™ < p™(1 —x,) (9.15)

where X, is a boolean variable. When x; = 0 the generated power is zero and
pP™P takes values from zero to its maximum, the opposite occurs when x, = 1.
The conventional use of pumped hydroelectric balances the load allowing
nuclear plants to maintain constant power and/or to compensate for the high
variability of wind and solar systems, as presented in the following example.

Example 9.4. Let us consider a generation system consisting of a large solar
farm (100MW), a small thermal unit (10MW), and a pumped hydroelectric
(30MW/120MWh). The system can buy and sell energy to the main grid; the
objective is to maximize total income. Therefore, the pumped hydroelectric can
buy energy from the grid at periods of low price to sell this energy at periods
of a high price. The system is also able to store the energy generated by the
solar plant. The price of the energy ¢, is variable according to the hour, and the
operation costs of the thermal unit are assumed linear. Therefore, the objective
function is as follows:

max f =) cp, —ap™ (9.16)

teT

where «a is the incremental cost of the thermal unit, and pfhm is generated power

at the time t. Moreover, p; is the total power trade with the main grid, that is to
say:

thm sol

p; = p™ + pfel + p¥t — pP™P (9.17)

where p&" is the power injected by the hydroelectric in generation mode, pP™P
is the power taken from the grid in pumping mode, and p*°' is the power gen-
erated by the solar farm; notice that p, may be negative, meaning the system is
taking energy from the main grid to pump water.

The optimization model implemented in Python is presented below:

import cvxpy as cvx

ps = [0,0,0,0,0,0,0,26,50,71,87,97,100,97,87,71,50,26,0,0,0,0,0,0]

c=[0.4, 0.4, 0.4, 0.4, 0.4, 0.5, 0.6, 0.6, 0.6, 0.5, 0.5, 0.4,
0.4, 0.4, 0.5, 0.5, 0.6, 0.9, 1.1, 1.1, 1.0, 0.8, 0.7, 0.5]
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vup = cvx.Variable (25, nonneg=True)
vdw = cvx.Variable (25, nonneg=True)
pgen = cvx.Variable (24, nonneg=True)
ppmp = cvx.Variable (24, nonneg=True)

pthm = cvx.Variable (24, nonneg=True)
g = cvx.Variable (24)
p = cvx.Variable (24)

x = cvx.Variable (24, boolean=True)
f =0
res = [vup[0] == 0, vdw[0] == 120] # initial conditions
for t in range(24):
f =f + c[t]l*p[t]-0.95%pthm[t]
res += [vup[t] <= 120, vdw[t] <= 120]
res += [pgen[t] - 0.8xppmp[t] == lxg[t]]
res += [pgen[t] - ppmp[t] + pS[t] + pthm[t] == p[t]]
res += [pgen[t] <= 30xx[t], ppmp[t] <= 30 (1-x[t])]
res += [vup([t+l] == vupl[t] - glt] ]
res += [vdw([t+1l] == vdw[t] + glt] ]
res += [pthm[t] <= 10]
PHS = cvx.Problem(cvx.Maximize (f), res)
PHS.solve ()

print ('eff:’,print (np.sum(pgen.value-psto.value)))

Results of this problem are shown in Figure 9.6. The lower reservoir starts
full and the upper reservoir empty. Prices are low in the first four hours, and
hence, the hydroelectric unit starts pumping water; from 4 am to 9 am prices
increase, making it viable to generate this energy stored; At medium day, solar
generation is maximum, but prices are minimum. Therefore, it is convenient to
store this energy pumping water to the upper reservoir; this energy is released
to the grid from 16h to 20h where the prices are maximum. The thermal unit
is turned on in this last period. The storage system ends with the same starting
conditions (lower reservoir full and upper reservoir empty). Total efficiency of
the storage process can be calculated by adding p&™" — pP™P, in this case, the
result is 40MW. e

9.6 Further readings

The hydrothermal schedule has been usually solved by classic techniques such
as linear programming, Lagrangian relaxation [61], and dynamic programming
[56]. There is a vast literature about the use of metaheuristic techniques, such
as simulated annealing [62] and genetic algorithms [63]. However, modern
approaches are based on convex optimization, including semidefinite pro-
gramming [54] and second-order cone approximations [55]. Other renewable
generation can also be introduced in the model using stochastic optimization
as presented in [64].
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Figure 9.6 Results for the Example 9.4.

All models presented in this chapter simplify real operation problems, which
can consider coupling with other models such as the unit commitment [65].
There is a vast literature in the field, especially in the power system soci-
ety of IEEE; however, the problem has been studied by other communities,
for example, the operation research community [66]. The problem may be
extended to the operation planning that includes periods of one or several
years; in that case, the problem is also stochastic. A tutorial on stochastic
programming to solve this problem can also be found in [67].

9.7 Exercises

1. Solve the problem given in Example 9.1 considering the grid depicted in
Figure 9.7. Use the transportation model with p™* = 150MW in all
transmission lines.

2. Solve the hydrothermal scheduling problem given in Example 9.1 but
now, consider a non-linear model of the hydroelectric power given by
Equation (9.18),

pu = h(v, q) = —0.004202 + 0.03vg — 0.42¢* + 0.9v + 10g — 50 (9.18)

where v is the volume of the reservoir and q is the water discharge. Plot the
surface and transform the equation into a second-order inequality constrain
h(v, q) > pg- Solve the corresponding hydrothermal dispatch and compare
results with the linear model.

3. Solve the problem presented in Example 9.2 but without considering losses.
Analyze and compare results.
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Figure 9.7 Three node system for hydrothermal scheduling.

10.

. Quadratic equality constraints related to power loss and water discharge

were relaxed to convex inequality constraints in Example 9.2. Evaluate the
accuracy of this approximation.

. Execute the script presented in Example 9.3. Plot volume, water discharge,

spillage, and generated power in each unit vs time.

. Solve the hydrothermal scheduling problem given in Example 9.3 but

assume that each hydroelectric unit is independent, i.e., without the
hydraulic chain; compare results.

. Solve the hydrothermal dispatch problem given in Example 9.3 considering

time delays in the hydraulic chain. Consider 7, =7, = 1and 73 = 2.

. Solve the hydrothermal scheduling problem with pumped hydroelectric

storage presented in Example 9.4 without allowing charge from the grid.

. Solve the problem presented in Example 9.4 without considering the ther-

mal unit.
Introduce a pump hydroelectric into Example 9.1. Use the parameters of
Example 9.4.
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Optimal power flow

Learning outcomes

By the end of this chapter, the student will be able to:

e Formulate the optimal power flow problem.
e Solve linear, SOC, and SDP approximations for the OPF.
¢ Identify the advantages and disadvantages of each approximation.

10.1 OPF in power distribution grids

Modern power distribution grids include renewable energy sources and energy
storage devices that inject active and reactive power to the grid — each con-
figuration of generation and demand results in a different operation point.
However, not all operation points are equal; in practice, we seek operation
points with minimum losses. This task is the main objective of the OPF.

A power distribution grid is represented as an oriented graph G = {V, &}
where V' = {0,1,2,...,n — 1} is the set of nodes and & C V' X V' is the set of
edges. As convention, the slack node is 0 and its voltage is v, = 1£0. The nodal
admittance matrix is represented by Yy s = [Vi,] € C™" allowing to calculate
nodal current from nodal voltages as given in (10.1).

ik =D, VimUm» Vk €N (10.1)
meN
This is an affine equation, thereby easily included in any optimization model.
However, loads and generators are usually represented in terms of active
and reactive power. Therefore, nodal equations become non-linear as given
in (10.2).

Mathematical Programming for Power Systems Operation: From Theory to Applications in
Python. First Edition. Alejandro Garcés.

© 2022 by The Institute of Electrical and Electronics Engineers, Inc. Published 2022 by John
Wiley & Sons, Inc.
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(Sk_dk

) = D Vimbm» VK EN (10.2)
Uk

meN
where (-)* represents the convex conjugate, s, is the generated nodal power,
and d, is the corresponding load. For the sake of a compact representation of
the model, we will assume that subscripts m and k belong to V" in all cases. The
model is presented in complex variable, for example, Equation (10.2) is repre-
sented in the complex domain; this is only a representation since the equation
requires to be separated into real and imaginary parts. However, a complex
representation is more direct when implemented in Python!.

Although the problem may consider different objectives and may combine
problems such as the economic/environmental dispatch, the typical applica-
tion consists in minimizing power losses given by (10.3):

pr = real (Z Z ykmvkvfn) (10.3)
k m

This equation can be represented in a real domain by splitting y;,,, = 8xm+Jbim
and v = v™ 4 jui™28, resulting in the following equivalent expression:

PL= 0 ) Gem (VU 4 "8y (10.4)

k m

Since G = [gy,,] € R™" is positive semidefinite?, then p; is a convex function.
Thus, the basic model for the OPF is the following:

min real (Z Z Viem vkv,*n)
k m

U =1+ j0
1-6<|lull <146, VkeN
pI > sl > pin vk € v (10.5)
S 2 lsell, Vk e N

b 2 [Vim (U = V)l V(km) € €

km

(Sk —di
Uk

) =ZykmUkaEN
m

1 See Section 4.6 in Chapter 4 for more details about optimization on the complex field.

2 This can be easily demonstrated taking into account that G can be calculated as G = AGPAT,
where A is the incidence matrix and G, is a diagonal matrix with the resisting effect of each
branch.



10.1 OPF in power distribution grids

As we have seen, the objective function is convex; the first constraint is affine
and represents the voltage in the slack node; the right-hand side of the second
constraint is a second-order cone that represents the maximum deviation of
the nodal voltage, whereas the left-hand side is a non-convex constraint that
represents the minimum deviation of the nodal voltage. The value of the devi-
ation & is usually between 0.05pu to 0.10pu, according to the grid code in each
country. The third and fourth constraints are the maximum capacity of each
renewable source; the fifth constraint represents the thermal limit of each line,
and the final constraint is the set of power flow equations. The latter is the pri-
mary source of complexity of this model; since it is not non-convex, therein lies
the necessity of convex approximations to the OPF.

10.1.1 A brief review of power flow analysis

Before presenting convex approximations to the OPF, let us review some basic
concepts from power flow analysis. First, it is important to differentiate the
power flow analysis from the OPF. The former is the solution of a set of
equations whereas the later is an optimization problem. The power flow prob-
lem allows to calculate nodal voltages from information of nodal powers. Since
we know the voltage in the slack node (v, = 1+ j0), then we can divide the set
of nodes as ' = {0, N}, where N are the nodes were the voltage is unknown.
Therefore, the nodal admittance matrix can be represented as follows?:

Yoo Yon
Yius = 10.
ous ( Yo Ynn (106)

With a slight abuse of notation, we can represent (10.2) in matrix form as given
below:

<SN — Dy

% ) = UOYNO + YNNVN (10.7)
N

where Vy = (v1,0,,...)" and Sy = (51,5;,...)",Dy = (d;,d,,...)7 are column
vectors®. This is a set of non-linear algebraic equations that require a numeri-
cal method to find the value of V', a problem that can be solved by different
methods such as Newton’s and GaussU-Seidel. Here, we present a method
based on a fixed point iteration, which is similar to the Gauss-Seidel method
with a simple implementation in Python. Let us define the impedance matrix
ZNN = Yg,}v; this inverse exists as long as the graph that represents the grid is
connected, which is the usual case; then Equation (10.7) can be represented as

3 See Appendix A for more details about the construction of the admittance matrix.
4 S/V indicates a division term to term.
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the following fixed point:
Vy =T(Vy) (10.8)

where T is a non-linear map from C" to C" given by Equation (10.9).

Sy —Dn\"
VN =Znn ((NV—NN> - UOYNO) (10.9)

The algorithm departs from an initial point Vy = 1y where 1y is a column
vector with entries equal to one. Then, we evaluate V, « T(Vy), and this iter-
ation is repeated until achieving a fixed point, i.e., a point where T(Vy) = V.
This is a solution to the set of algebraic equations. Although this is not the
most efficient method to calculate a load flow, it is enough for our purposes,
and, as we will see later, it is straightforward to implement. It is important to
notice that a system may lack a solution or have several fixed points, some of
them without practical meaning. However, under certain conditions, we can
guarantee convergence and uniqueness of the solution with this approach, as
was demonstrated in [68] for DC grids. Formal conditions for convergence
and uniqueness of the solution are beyond the objectives of this book. Our
approach is practical-oriented, and hence, convergence is checked by executing
the algorithm.

Figure 10.1 shows a simple power distribution that will be used in later exam-
ples. These examples serve two purposes: first, to familiarize the reader with the
implementation of graphs in Python, and second, to show the implementation
of the power flow algorithms. This system will be used later in the OPF mod-
els, so it is recommended to implement and understand the following examples
before continuing with subsequent sections.

z =0.0075 4+ 0.01j z =0.0080 + 0.011j z =0.0090 + 0.018;
[
0 2
lack
slacl wind
g |, v

EH
apartment

@ building
d=254+09j

z = 0.0050 + 0.006j

Thermal limit for all
lines thlim =2

4 5

Figure 10.1 Example of a power distribution grid with distributed resources.
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Example 10.1. All the information related to the power distribution grid
depicted in Figure 10.1 can be stored in a single variable using the module
networkx as presented below:

import numpy as np

import networkx as nx

= nx.DiGraph ()

.add_node (0, name='slack’, smax=10,d=0)
.add_node (1, name='step’, smax=0,d=0)

.add_node (2, name='"house’, smax=0,d=1.2+0.37)
.add_node (3, name=’"solar’, smax=1,d=0)

.add_node (4, name='"building’, smax=0,d=2.5+0.97)
.add_node (5, name="wind’, smax=1.5,d=0)
.add_edge (0,1,y=1/(0.0075+0.0107) ,thlim=2)
.add_edge (1,2,y=1/(0.0080+0.0117),thlim=2)
.add_edge (2,3,y=1/(0.0090+0.0187),thlim=2)
.add_edge (1,4,y=1/(0.0040+0.0047),thlim=2)
.add_edge (4,5,y=1/(0.0050+0.0067),thlim=2)
nx.draw (G,with_labels=True, pos=nx.spectral_layout (G))

Q000000000

All the examples below depart from this definition of the graph, stored in a
variable G. More details of this module are presented in Appendix A. e

Example 10.2. We require to build the Yy, as the block matrices given
in (10.6). The nodal admittance matrix is calculated as given in (10.10):

Yius = AY AT (10.10)

where A is the incidence matrix of the oriented graph and Y, is a diag-
onal matrix of the branch admittance. The incidence matrix can be easily
obtained using the module networkx named as nx in Example 10.1, see the code
below:

A = nx.incidence_matrix (G, oriented=True)

Yp = np.diag([G.edges[k][’'y’] for k in G.edges])
Ybus = AQRYpGA.T

print (Ybus)

print (np.linalg.eigvals (Ybus.real))

In the last line, we checked if the real part of this matrix is positive semidefinite
by calculating its eigenvalues.
Block matrices given in (10.6) are calculated from the Yy, as follows:

n = G.number_of_nodes ()

YNO = Ybus[1l:n,O0]

YNN = Ybus[l:n,1l:n]

ZNN = np.linalg.inv (YNN)

d = np.array([G.nodes[k][’d’] for k in G.nodes])
print (YNO)

print (YNN)
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A

Example 10.3. The power flow equations seen as fixed point (10.8) allow a
simple algorithm for calculating the operation point of the system. Let us define
a function for the load flow calculation using this fixed point map with ten

iterations:

def LoadFlow(sN,dN) :
v0 = 1407
vN = np.ones (n-1) *v0
for t in range (10):
vN = ZNN@ (np.conj ( (sN-dN) /vN)-v0O+YNO)
vT = np.hstack ([v0,VvN]);
sT = vIxnp.conj (Ybus@vT)
err = np.linalg.norm(sT[l:n]-(sN-dN))
print (' Load Flow, after 10 iterations the error is’,err)
return vT

The algorithm depart from V) = 1y and evaluates the fixed point map (10.9).
After that, the new voltages are stored in a variable V7, including the slack node.
Total loss is displayed at the end of the process. The algorithm can be improved
using a while-loop instead of a for-loop (in this example, we preferred a compact

code over an efficient algorithm).

We can evaluate the function using results from Example 10.2, considering
loads exclusively (i.e., the solar panel and the wind turbine have generation

equal to zero):

VT = LoadFlow(np.zeros(n-1),d[1l:n])
ST = VT*np.conj (Ybus@VT)
pL = sum(ST)
print (' Loss’, pL)
for (k,m) in G.edges:
Sf = Ybus([k,m]* (VT [k]-VT[m])
print (' flow’, (k,m),np.abs (Sf))

Results can be stored in a DataFrame as follows:

import pandas as pd
results = pd.DataFrame ()

results[’name’] = [G.nodes[k]['name’] for k in G.nodes]
results[’vpu’] = np.abs (VT)

results[’ang’] = np.angle(VT)*180/np.pi
results[’pnode’] = np.round(ST.real, 4)

results[’gnode’] = np.round(ST.imag, 4)

results.head(n)

The reader can verify that nodal voltages are v =(1,0.956,0.943,0.943,0.943,

0.943)" and power loss is p; = 0.173.

A
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Example 10.4. Node 1 in the system depicted in Figure 10.1 does not have
generation or load. Therefore, it can be eliminated using a Kron reduction. Let
us split the set of nodes V' = {s, r} where s is the set of nodes with nodal current
equal to zero, and r are the remaining nodes. Then, we have the following:
0=Y,V,+Y,V, (10.11)
I, =Y,V +Y,V, (10.12)

where Y, Y, Y, Y,, are block matrices from Yy,s. Therefore, we can define
a reduced admittance matrix Yy ,, as follows:

Ykron = Yrr - YrsYs_slysr (1013)

This equation can be coded in Python as presented below for a single node
s=[1]:

s = [1]
r = list (set (range(n)).difference(s))
nn = len(r)
Ykron = np.zeros((5,5))*03
for k in range (nn):
for m in range (nn):
Ykron[k,m] = Ybus|[r[k],r[m]]-1/Ybus[s,s]*Ybus[r[k],s]=*
Ybus [s, r[m]]

Kron reduction is used extensively in many power systems applications, and
therefore, it is useful to have this code for future examples. a

10.2 Complex linearization

As we have seen, the fundamental OPF problem given by (10.5) is non-
convex due to the power flow equations, and hence, a convex approximation is
required. In this section, we present a simple linearization based on Wirtinger
calculus. There are many other linearizations in the literature (most of them
equivalent), but the representation presented here has advantages in terms of
accuracy and simple implementation.

Let us represent (10.2) as the following equivalent algebraic system:

S —dE =) VWi (10.14)
m
Wi = U;:Um (10.15)
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where wy, is a new complex variable>. Notice that Equation (10.14) is affine
and the non-convexity appears in Equation (10.15). This equations can be lin-
earized in the complex plain around a given point uy, u,,, using Wirtinger’s
calculus (see Appendix B for more details):

Wi — Ul = U (U — Upy) + Uy (U — ) (10.16)
usually u, = u,, = 1pu resulting in the following affine constraint:
Wi = U + 0 — 1 (10.17)

This simple equation constitutes a convex linearization of the power flow
equations.

On the other hand, voltage limitation introduces another set of non-convex
constraints, namely:

1-0<|lull <146 (10.18)

The right hand is a ball or radius 1+ 6 which is, of course, convex. However, the
left-hand side is a non-convex constraint since it is the exterior of a open ball
of radius 1 — &. The set defined by (10.18) (both left- and right-hand sides) is
named an annulus and is a non-convex set. In practice, this set can be replaced
by the following set:

1-6<v <146 (10.19)
1-6<v™ <146 (10.20)

or equivalently as:
log —1ll, < 8 (10.21)

where ||-||, represents the 1-norm. Although this approximation may seem
arbitrary, the following example shows in logic behind it.

Example 10.5. Constraint (10.21) is suitable approximation for values of § =
0.1 and below. Figure 10.2 shows a subsection of the annulus 0.9 < ||v,|| < 1.1
for values around 1 + 0. The box constraint (10.21) is represented as a shadow
square which is a close approximation of the set for angles between 6 = +5° and
0 = £7°. Voltage angles are usually small in power distribution networks [69],
so this is a fair approximation. The model may be complemented by constraints
on the angle, which are convex. An exact value for the maximum angle would
require stability criteria beyond the objectives of this book. A more conservative
constraint is obtained by replacing the 1-norm with a 2-norm in (10.21). e

5 This new variable increases the dimension of the set of feasible solutions; sometimes the
nature of the problem is only revealed when we change our perspective to a higher dimension.
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Figure 10.2 Approximation of the voltage restriction as a box constraint.

Combining the aforementioned approximations, the OPF is transformed into
the following convex optimization problem:

min real (Z Z ykmvkv;,ﬂ)
k m

Uy =1+ jO
§ 2 log —1ll,, Vke N
pP > real(sy) > ™, Vk € N (10.22)

SP > |Isill, Vk e N

> |y = v, V(km) € €

km =

sp—d; = Zykmwkm, Vke N
m

Wi = Uy + Uy — 1, V(km) € N XNV

notice that wy,, increases the number of variables of the model; however, the
new equations are affine and hence, it is not a problem in practice. It is also
possible to replace (10.17) into (10.14) to obtain a model with the same num-
ber of variables as the original problem. Here, we are prioritizing a simple
representation over the efficiency of the algorithm.

Notice the model is still non-linear since the objective function is quadratic.
In addition, there are second-order constraints related to the nodal voltage
and the capacity of each renewable power resource. However, these non-linear
equations generate a convex model that can be efficiently solved using CvxPy,
as shown in the following example.

Example 10.6. Let us solve the OPF problem for the system given in
Figure 10.1 using a convex linearization of the power flow equations. We
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assume we have stored the graph as given in Example 10.1 and calculated the
Y,us as shown in Example 10.2. Both solar panel and wind turbine are available
to generate its nominal power. The code is presented below:

import cvxpy as cvx

smax = np.array([G.nodes[k][’smax’] for k in G.nodes])
d = np.array([G.nodes[k][’d’] for k in G.nodes])

v = cvx.Variable (n, complex=True)

s = cvx.Variable (n, complex=True)
W = cvx.Variable ((n,n),complex=True)
obj = cvx.Minimize (cvx.quad_form(cvx.real (v), Ybus.real) +
cvx.quad_form(cvx.imag(v), Yous.real))
res = [v[0] == 1.0]
M = Ybus@W
for k in G.nodes:
res += [cvx.con](s[k]-d[k]) == M[k,k]]
res += [cvx.abs(v[k]-1) <= 0.05]
res += [cvx.abs(s[k]) <= smax[k]]
for m in G.nodes:
res += [W[m,k] == cvx.conj(v[k])+v[m]-1]
for (k,m) in G.edges:
res += [cvx.abs (Ybus[k,m]x(v[k]-v[m])) <= G.edges][ (k,m)]
["thlim’ ]
OPF = cvx.Problem(obj, res)
OPF .solve ()

print ('pl’,obj.value,OPF.status)

Most of the lines in this code are self explanatory; however, there are some
aspects that require careful explanation. First, notice that W = [wy,,] is a
matrix of the same size of Yy, therefore, we can define a new matrix given
by (10.23):

M =Y, W (10.23)
This matrix allows to represent (10.14) as follows:
S;: - dlt = Mgy (1024)

Second, set representations such as Vk € NV help to define the for-loop in the
code. So, V(km) € N XN indicates a nested-loop whereas V(km) € & indicates
a for-loop in the set of the edges. In this case, )V is equivalent to G. nodes (we
can also use range (n) ), and & is equivalent to G. edges.

The reader can prove that the result of this problem is s; = 0.96 + 0.28j
and s; = 1.42 + 0.49j, with p; = 0.0406. However, this is an approxi-
mation of the power loss which requires to be calculated via a power flow
analysis:
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VT = LoadFlow(s.value[l:n],d[1:n])
ST = VTxnp.conj (Ybus@VT)

pL sum (ST)

print (' Loss’,pL)

After executing this code, power loss is p; = 0.0406 (a great reduction in com-
parison to Example 10.3). Notice that although the solar panel has a capacity
of 5" = 1, not all generation is an active power. The algorithm chooses to
reduce its active power in order to generate some reactive power and minimize
power loss. In case the primary resource (i.e., wind/solar) is limited, then we
require to include constraints of the form real(s,) < p;”**. This constraint is, of
course, affine and does not represent a complication of the model. The reader is
invited to compare nodal voltages in the system, with and without distributed

generation. e

10.2.1 Sequential linearization

We can improve the results of the linearization by linearizing again in the new
operating point. The algorithm is quite simple; we start with a vector U = 1y
and linearize the power flow equations around this point. Then we solve Model
(10.22) obtaining a vector S with the power generated by each unit. Then, we
calculate a power flow, using, for instance, the fixed-point algorithm given in
Example 10.3. This algorithm returns a new set of voltages U, which are used
to linearize the model again using (10.16). The optimization model is again
solved using this new linearization, and the steps are repeated until achieving
convergence.

This method does not guarantee global optimum, but it is efficient in practice,
as shown in the following example:

Example 10.7. In the following code, we make three iterations of sequential
linearizations in order to obtain a better approximation of the optimal solution.
First, we define a function named LinearOPF which solves the optimization
model for a linearization around a point V:

def LinearOPF (u) :

v = cvx.Variable (n, complex=True)

s = cvx.Variable (n, complex=True)

W = cvx.Variable((n,n),complex=True)

obj = cvx.Minimize (cvx.quad_form(cvx.real (v),Ybus.real) +
cvx.quad_form(cvx.imag (v), Ybus.real))

M = Ybus@W

res = [v[0] == 1.0]
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for k in range (n):

res += [cvx.con](s[k]-d[k]) == M[k,k]]
res += [cvx.abs(s[k]) <= smax[k]]
for m in range(n):
res += [W[m,k] == cvx.conj(v[k])*u[m]+
np.conj(ulk])*v[m]
-np.conj (ulk])*ulm]]
OPF = cvx.Problem(obj, res)
OPF.solve ()

print (' pL’,obj.value, OPF.status)
return s.value

The main difference of this model with respect to the model in Example 10.6 is
the point in which wy,, is linearized; in this case, we linearize around U. Next,
we evaluate this function as well as the power flow already defined in Example
10.3, namely:

VT = np.ones(n)*(1.0+0.07)
for t in range(3):
ST = LinearOPF (VT)
VT = LoadFlow (ST[1l:n],d[1l:n])
print (' Loss’ ,sum(VT*np.conj (Ybus@VT) ) )

Power loss is p; = 0.04258 for both the load flow and the linear OPF. e

10.2.2 Exponential models of the load

Loads in power distribution grids are usually represented as exponential mod-
els as presented below:

di = i o | + )™ [lug | (10.25)

where «, 8 are real numbers that represent the variation of the active and reac-
tive power, with respect to the voltage. Typical values of «, § are « = 8 = 0 for
industrial loads, « = 8 = 1 for commercial loads and a = § = 2 for residential
loads. Nevertheless, fractional values are allowed.

Equation (10.25) leads to a non-convex constraint, however, it can be eas-
ily linearized using Wirtinger’s calculus. We present only the linearization
of |lu.]|” since the linearization of ||v;||" follows the same procedure. First,
consider the following complex function:

llol|* = (vv*)*/2 (10.26)
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then, we linearize this equation by derivating with respect to v and v* and
evaluating in a reference value vy:

¢ q a_ a «_
ol ~ (vovy)2 + E(UOUS)Z 1va‘Av + E(UOU;)Z 1voAv* (10.27)

< g N a a_
=(vov;)2+5(vova‘)z 1vé(v—vo)+5(vov;)z 1vo(v*—v(’)“) (10.28)

=a+ bv + b*v* (10.29)
with
a=(1-a)llvll” (10.30)
a o1
b= 5 (o) v (10.31)

For the case of vy, = 1 + 0j, the linearization is simplified as (10.32):
lo]|* 1 —a+ %(v+v*) (10.32)

Example 10.8. We are going to evaluate the accuracy of Equation (10.32) for
voltages close to 1pu. Let us define the following functions:

f@) = 1l* (10.33)
g)=1—a+ % (v +05) (10.34)
e() = [If(v) — gl (10.35)

where f : C — R is the exact exponential function, g : C — R is its lineariza-
tion, and € : C — R is the total error. We evaluate this error in n = 10* random
points generated in set Q presented below:

Q={veC:09=<v<11,-01<vm8<0.1} (10.36)

A distribution function is obtained which gives the expected error with
a defined probability. The corresponding script in Python is presented
below:

import numpy as np
import matplotlib.pyplot as plt

n = 10000
vreal = [0.9+0.2+np.random.rand() for k in range (n) ]
vimag = [0.1-0.2xnp.random.rand() for k in range (n)]

v = np.array(vreal) + ljsnp.array(vimag)
alpha = 2

f = np.abs(v) x*xalpha

g = l-alpha + alpha/2x (v+v.conj())

error = np.abs(f - g)
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error.sort ()

probability = np.linspace(0,1,n)
plt.plot (error+«100,probability)
plt.grid()

plt.show ()

Figure 10.3 shows the results for « = 2. This plot represents the cumulative
distribution function of €. In this case, 80% of the randomly generated points
produced an error less than 1%.

This demonstrates the high accuracy of the method. The student is invited to
generate this plot for different n and different values of > 0. e

10.3 Second-order cone approximation

A Second-order cone approximation is a convenient manner to include power
flow equations into an optimization model, especially for power distribution
applications. In this case, we convexify the equations maintaining the non-
linear nature of the problem. We depart from (10.15) which is the primary
non-convex constraint in the problem. Let us multiply by w;, obtaining the
following equivalent equation:

Wim Wy, = (0,0 (VkL},) (10.37)

which can be written as

2 2 2
lwimll” = NVl [Vl (10.38)
1 ° Figure 10.3 Cumulative
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Let us define a new vector H € R" with entries h;, = ||vk||2, then (10.38) is
transformed into (10.39)

[Wemll® = Hychy (10.39)

At this point, this constraint is still non-convex; therefore, we propose an
approximation that consists in transforming the equality into inequality and
solve the resulting hyperbolic set as previously presented in Example 5.3,
Chapter 5, namely:

Zwkm
hk - hm

The limit in each distribution line can be represented as function of the new
variables k. by multipling the branch current by v, as follows:

<h +h, (10.40)

lemVy = YimVy (U = V), V(km) € & (10.41)
which in turn is transformed into the following affine equation:

m = Yiem (e — Wig) (10.42)

For the sake of simplicity, we assume i>* = 57°* to complete the model; thus,

the SOC approximation for the OPF is presented below:

min real (Z S — dk)

k
hy =1
A+6)P>2h>1-6%VkeN
P > real(s) > pmln VkeN
SP > Isilll, Yk € NV (10.43)
b 2 1Viem (e — wie)ll, V(km) € €

Sy — dz = Zykmwkm, Vke N
m

2wkm
h, —

In this model, we calculated power loss as the sum of nodal powers. This
equation is entirely equivalent.

<h +h,, Y(km)e N XN

Example 10.9. Let us implement the SOC model given by (10.43) for the
distribution system shown in Figure 10.1. The code in Python is given below:
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smax = np.array([G.nodes[k][’smax’] for k in G.nodes])

d = np.array([G.nodes[k][’d’] for k in G.nodes])
h = cvx.Variable (n)
s = cvx.Variable (n, complex=True)
W = cvx.Variable((n,n),complex=True)
M = Ybus@W
res = [h[0] == 1.0]
for k in range(n):
res += [cvx.con]j(s[k]-d[k]) == M[k,k]]
res += [cvx.abs(s[k]) <= smax[k]]
res += [h[k] >= 0.9025]
res += [h[k] <= 1.1025]
res += [W[k][k] == h[k]]
for m in range(n):
res += [cvx.SOC(h[k]+h[m], cvx.vstack ([2xW[k,m],
hik]-h[m]]))]
res += [W[m,k] == cvx.conj (W([k,m])]

for (k,m) in G.edges:
ylin = np.abs(G.edges[(k,m)]["y"])
slin = G.edges[(k,m)][’thlim’]
res += [cvx.abs(h[k]-W[k,m]) <= slin/ylin]
res += [cvx.abs(h[m]-W[m,k]) <= slin/ylin]
obj = cvx.Minimize (cvx.sum(cvx.real (s-d)))
OPFSOC = cvx.Problem(obj, res)
OPFSOC.solve ()
print (' pL’,obj.value, OPFSOC.status)

After executing this code, power loss is p; = 0.04259 with s; = 0.9534+0.3018j
and ss = 1.4115+0.5076j. The student may observe this solution is close to the
solution obtained by the power flow analysis. e

Example 10.10. The magnitude of nodal voltages can be recovered from
the results of Model (10.43) without executing a new power flow analysis as
follows:

v, =Vhy (10.44)

The angle can be calculated evaluating the angle of each edge of the graph as
given below:

Or — 6,, = angle(wy,,), Y(km) € & (10.45)

The reader is invited to evaluate these equations and compare them
to the power flow results with the powers resulting from the SOC
approximation. e
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Figure 10.4 Comparison between the constraint wy,, = v, + v,, — 1 (solid line) and
the constraint w; < vlv;, (dashed line) for (v, Uy, Wiw) € R2.

m — "k

Example 10.11. Both SOC approximation and linearization are based on
Equation (10.15), which goes from C? to C. Although it is difficult to
visualize a function in C2, it is possible to make a plot when it goes
from R? to R (that is the case of the OPF on DC grids). Figure 10.4
shows a comparison among the two approximations. The dashed line
defines a linear approximation around 1pu, whereas the solid line defines
a hyperbolic set that can be transformed into an SOC. Both approxima-
tions are quite similar, although the linear approximation is more impre-
cise as the voltages go far from 1pu. In practice, voltages are 1 + 0.1 up
so that the linear approximation is enough. It should be noted that the
OPF constitutes the tertiary control in active distribution networks, and
it requires to be evaluated in real-time. Therefore, we require to define
a suitable tray-off between accuracy and speed. Linearization is perhaps
the best approach in this case (see [70] for more details about the linear
approximation).

Another way to visualize the difference between linear and SOC approxima-
tions is by generating random samples of v, and v,, on the complex set Q given
by (10.36), and evaluate the error as in Example 10.8. The reader is invited to
do this numerical experiment. e

187



188

10 Optimal power flow

10.4 Semidefinite approximation

Semidefinite programming allows to generate a highly accurate approximation
for the OPF problem. Unlike the approaches previously presented, in this case
it is convenient to separate nodal voltages in real and imaginary parts as v, =
fr + jer and define the following block matrix:

E Z
( R ) (10.46)
where the entries of each block matrix are defined as follows:
Evm = eren, (10.47)
Zym =ecfm (10.48)
ka = fkfm (1049)

Notice that (10.46) is positive semidefinite and rank 1. Therefore it is possible
to generate an SDP approximation of (10.5) by representing all the models as a
function of this matrix, relaxing the rank constraint.

As we have seen, a key step is to find a suitable representation for wy,,
in (10.15), and in this case, it is easy to see the following:

Wim = Exm + Fim + J(Zkm — Zmi) (10.50)

Moreover, we can obtain a suitable representation of the objective function
from (10.4),

pr. = trace(GyusE + Gy F) (10.51)

where Gy, = real(Yy,s). With these simple change of variables, we obtain the
following semidefinite problem:

min trace(GyyE + GpysF)
EOO =1
F()k =0

* *
Sk - dk - Zykmwkm
m

Wiem = Ekm + ka + j(ka - ka) (1052)
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E Z
z7 r)*°
sp 0 real(s;)
0 Sg imag(s,) [>0

real(s,) imag(sy) Sp

For simplicity, we have omitted some constraints related to the thermal limit
and voltage regulation. In addition, the last constraint which is equivalent to
lIsill < 57 is transformed into a semidefinite constraint in order to obtain a
pure SDP problem.

Example 10.12. The code presented below represents a SDP approximation
for the optimal power flow problem:

smax = np.array([G.nodes[k][’smax’] for k in G.nodes])
= cvx.Variable ((n,n),symmetric=True)
F = cvx.Variable((n,n),symmetric=True)
7 = cvx.Variable((n,n))
s = cvx.Variable (n, complex=True)
W = cvx.Variable((n,n),complex=True)
obj = cvx.Minimize (cvx.trace (Ybus.real@E+Ybus.realQF))
M = Ybus@W
res = [E[0,0] == 1]
res += [cvx.bmat ([[E,Z2],[Z.T,F]]) >> 0]
res += [cvx.trace (Ybus.real@E+Ybus.real@F) == cvx.sum
(cvx.real(s—-d))]
for k in range(n):
res += [cvx.conj(s[k]-d[k]) == M[k,k]]
res += [F[k,0] == 0]
res += [F[0,k] == 0]
res += [cvx.bmat ([[smax[k],0,cvx.real(s[k])],
[0,smax[k],cvx.imag(s[k])],
[cvx.real (s[k]),cvx.imag(s[k]),
smax[k]1]) >> 0]
for m in range(n):
res += [W[k,m] == E[k,m] + F[k,m] + 1jx(Z2[k,m]-Z[m,k])]
OPFSDP = cvx.Problem(obj, res)
OPFSDP.solve ()
print ('pL’,obj.value, OPFSDP.status)

The results of this model evaluated in the distribution system depicted in
Figure 10.1 are p; = 0.042587, 5412,0.9534 + 0.3017j, and Syiq = 1.4115 +
0.5077;. e
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10.5 Further readings

The OPF has been studied for a long time, with classic approaches based
on non-linear programming as can be found in [71], [72], and [73].
The interior-point method seems to work well in practice, even for non-
convex formulations, as demonstrated in [74]. However, these applications
do not analyze characteristics such as convergence and global optima.
Therefore, linearizations and cone approximations are required usually
proposed.

Although there is a proliferation of linearizations for the power flow
equations (most of them entirely equivalent), the approximations presented
in this chapter are based on [75] and [70] that allow complex representa-
tions easily implementable in Python even for three-phase unbalanced power
distribution systems.

There is also vast literature about second-order cone approximations, stand-
ing out the work of Low (see for example [76] and [77]). A complete review of
the problem can be found in [78]. This review includes linearizations and cone
approximations.

The OPF can be extended to DC grids in both high voltage and
microgrids. The interested reader can refer to [79] for the case of
microgrids.

Semidefinite programming has also been an active area of research for
OPF problems [80]. A complete analysis of the geometry of the problem can
be found in [81]. Most of the approximations presented in this chapter are
suitable for radial distribution grids; an analysis for meshed grids can be
found in [82]

10.6 Exercises

1. Make a comparative analysis among linearization, sequential linearization,
SOC and SDP approximations. Identify the advantages and disadvantages
of each approach.

2. Analyze convergence properties of the power flow algorithm presented in
Section 10.1.1, by plotting a curve of error vs iterations for different values
of load.

3. Compare numerical results for linearization, sequential linearization, SOC
and SDP approximations in the system depicted in Figure 10.1 for different
values of loads and power factor.
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. Calculate the OPF for the system depicted in Figure 10.1 if a new line is
included between Node 3 and Node 5, with z;5 = 0.0060 + 0.01.

. Solve the OPF using the linearization and SOC approximation, for the
power distribution system given in Table 10.1. Assume there is dis-
tributed generation at nodes 11, 20, 21, and 26 with nominal capacity
sm = 0.08pu.

. T1, T2, and T3 in Table 10.1 represent the load curve for the 34-bus test
system. T1 represents the load factor for operation between Oh:8h, T2
for 8h:16h, and T3 for 16h:24h. Solve the OPF problem for each of this
operation points.

. Conventional distributed generation are based on synchronous machines
instead of power electric converters. This type of machine presents
a capability curve as shown in Figure 10.5. Include this capabil-
ity curve into the OPF model (notice this curve generates a convex
constraint).

. Include voltage constraints in the SDP approximation given in (10.52).
Recover the nodal voltages from the semidefinite approximation presented
in Example 10.12.

. The optimal power flow problem can be extended to the operation of
DC distribution systems. Consider the DC distribution system given in

24

dmax field current limit

armature limit

A
=

min

Figure 10.5 Example of a capability curve for a conventional synchronous machine.
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Table 10.1  34-bus test system taken from [83].

From To ry,[pu] xy.[pul plpu] q[pu] T1 T2 T3
1 2 0.00967 0.00397 0.0230 0.01425 0.55 0.70 0.65
2 3 0.00886 0.00364 0.0000 0.00000 0.00 0.00 0.00
3 4 0.01359 0.00377 0.0230 0.01425 0.55 0.70 0.65
4 5 0.01236 0.00343 0.0230 0.01425 0.55 0.70 0.65
5 6 0.01236 0.00343 0.0000 0.00000 0.00 0.00 0.00
6 7 0.02598 0.00446 0.0000 0.00000 0.00 0.00 0.00
7 8 0.01732 0.00298 0.0230 0.01425 0.55 0.70 0.65
8 9 0.02598 0.00446 0.0230 0.01425 0.55 0.70 0.65
9 10 0.01732 0.00298 0.0000 0.00000 0.00 0.00 0.00
10 11 0.01083 0.00186 0.0230 0.01425 0.55 0.70 0.65
11 12 0.00866 0.00149 0.0137 0.00840 0.50 0.60 0.55
3 13 0.01299 0.00223 0.0072 0.00450 0.45 0.65 0.60
13 14 0.01732 0.00298 0.0072 0.00450 0.45 0.65 0.60
14 15 0.00866 0.00149 0.0072 0.00450 0.45 0.65 0.60
15 16 0.00433 0.00074 0.0014 0.00075 0.60 0.70 0.65
6 17 0.01483 0.00412 0.0230 0.01425 0.55 0.70 0.65
17 18 0.01359 0.00377 0.0230 0.01425 0.55 0.70 0.65
18 19 0.01718 0.00391 0.0230 0.01425 0.55 0.70 0.65
19 20 0.01562 0.00355 0.0230 0.01425 0.55 0.70 0.65

20 21 0.01562 0.00355 0.0230 0.01425 0.55 0.70 0.65
21 22 0.02165 0.00372 0.0230 0.01425 0.55 0.70 0.65
22 23 0.02165 0.00372 0.0230 0.01425 0.55 0.70 0.65
23 24 0.02598 0.00446 0.0230 0.01425 0.55 0.70 0.65
24 25 0.01732 0.00298 0.0230 0.01425 0.55 0.70 0.65
25 26 0.01083 0.00186 0.0230 0.01425 0.55 0.70 0.65
26 27 0.00866 0.00149 0.0137 0.00850 0.50 0.60 0.55
7 28 0.01299 0.00223 0.0075 0.00480 0.55 0.75 0.70
28 29 0.01299 0.00223 0.0075 0.00480 0.55 0.75 0.70
29 30 0.01299 0.00223 0.0075 0.00480 0.55 0.75 0.70
10 31 0.01299 0.00223 0.0057 0.00345 0.57 0.63 0.58
31 32 0.01732 0.00298 0.0057 0.00345 0.57 0.63 0.58
32 33 0.01299 0.00223 0.0057 0.00345 0.57 0.63 0.58
33 34 0.00866 0.00149 0.0057 0.00345 0.57 0.63 0.58
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Table 10.2; solve the corresponding OPF problem using linearization and
SOC approximation.

Table 10.2 Parameters of a 21-nodes
DC power distribution grid

From To r[pu] d[pu] p™*pu]

1 2 0.0053 0.70 0.0
1 3 0.0054 0.00 0.0
3 4 0.0054 0.36 0.0
4 5 0.0063 0.04 0.0
4 6 0.0051 0.36 0.0
3 7 0.0037 0.00 0.0
7 8 0.0079 0.32 0.0
7 9 0.0072 0.80 1.5
3 10 0.0053 0.00 0.0
10 11 0.0038 0.45 0.0
11 12 0.0079 0.68 1.5
11 13 0.0078 0.10 0.0
10 14 0.0083 0.00 0.0
14 15 0.0065 0.22 0.0
15 16 0.0064 0.23 0.0
16 17 0.0074 0.43 0.0
16 18 0.0081 0.34 1.5
14 19 0.0078 0.09 0.0
19 20 0.0084 0.21 0.0
19 21 0.0082 0.21 3.0

10. Equation (10.26) may be represented as follows:
a
lol® = (V2 +32) (10.53)

with x = v,rfa‘l andy = v;{mag. This is an equation from R? to R. Use a Taylor

expansion to linearize this equation around x = v{fal =landy = v;cmag =

0. Compare the result with (10.32).
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Active distribution networks

Learning outcomes

By the end of this chapter, the student will be able to:

e Formulate mixed-integer convex models for the optimal placement
of capacitors and distributed generation.

e Formulate a mixed-integer convex model for the optimal placement
of distributed generation.

e Formulate a convex model for hosting capacity.

11.1 Modern distribution networks

Modern power distribution networks include several active elements, such as
distributed generation and electric vehicles, that must be included in the oper-
ation via optimization models. Convex approximations for the optimal power
flow equations previously presented in Chapter 10 are key to formulate these
optimization models; therefore, it is convenient to review these formulations,
especially the linear formulation before continuing with the sections below. We
present three main problems, namely: optimal placement of capacitors, optimal
placement and size of distributed generation, and hosting capacity. Although
these problems are closely related to planning rather than operation, they share
most of the properties of the OPF, and hence it is possible to obtain convex and
mixed-integer convex approximations.

Mathematical Programming for Power Systems Operation: From Theory to Applications in
Python. First Edition. Alejandro Garcés.

© 2022 by The Institute of Electrical and Electronics Engineers, Inc. Published 2022 by John
Wiley & Sons, Inc.
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Figure 11.1 Three-feeder test system for power system reconfiguration [84].

11.2 Primary feeder reconfiguration

Power distribution networks have tie/sectionalizing switches y; that allow
transferring load from one feeder to other, as depicted in Figure 11.1. This
action may be performed automatically from the control center. However, we
require an optimization algorithm that guides the process in order to mini-
mize loss and improve efficiency. This algorithm is known as primary feeder
reconfiguration [84].

In simple terms, the algorithm determines each switching state (on/off) that
minimizes power loss. However, the problem is complex for three main rea-
sons: first, the model must include power flow equations that are non-convex,
as discussed in Chapter 10; second, the switches along the feeder impose binary
constraints into the model; and third, it is required to impose constraints that
guarantee that each primary feeder is radial and connected. We address each
of these problems below.

We must represent the grid as an oriented graph G = {V, £}, where V is the
set of nodes and & C IV X IV is the set of edges (connected or disconnected).
Each node has associated a voltage v, and a value of active and reactive power,
Dr and g, respectively. Besides, each edge has an admittance y,,,, and a binary
variable y,,, that represents the corresponding switch state. All substations are
represented by the same node, marked as 0 and with voltage v, = 1£0. Circuit
relations are represented by the incidence matrix A, as presented below:

Ve= ATV, (11.2)
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where I, and V, are the vectors of nodal current and voltage, and I, V¢ are
the vectors of branch current and voltage, respectively. The Ohm’s law in each
edge and the power balance in each node are also included into the model as
follows:

ikm = MikmYkmVkm> Vkm € € (11.3)
i = (8/ve)*, VkEN (11.4)
Mim € {0, 1} (11.5)

these equations constitute the main binary and non-linear/non-convex con-
straints of the problem. Below, we propose a linear approximation for these
constraints.

First, we define an auxiliary complex variable j,, for the current in each edge
of the graph, regardless of whether the edge is connected or not. This current,
given in 11.6, lacks physical meaning if the edge is disconnected and is used
only as auxiliary variable.

Jkm = YimVkm (11.6)

Then, the bi-linear equation related to current in each edge is replaced by a
linear equivalent as explained in Chapter 4:

_ 5;eal iy < l-]l:;zl < 5}'&31 i (11.7)
=8 o < i < 8" o (L8)

i = U g7 < B < i+ (1= gt )5} (119)
S = (U= P8 S B 4 (1= )] (11.10)

where §; represents the maximum deviation of the current in each branch.
Next, the power balance in each node is linearized using a complex lineariza-
tion around v, = 1£0°, as presented below!:

i = S;Q2—0)) (11.11)

At this point, the model is a mixed-integer linear. However, it is required to
impose a radiality constraint; otherwise, the model would connect all switches.
A meshed grid is more efficient than a radial grid. However, radiality is required
in classic power distribution networks because the protections are calibrated for
such configuration. We use the radiality constraints proposed in [85], which are
based on two key observations from graph theory: first, a radial grid (i.e, a tree)

1 See Appendix B for details about complex linearizations.
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has |£] -1 node and second, the graph must be connected. The first observation
can be imposed in the model as the following affine constraint:

Z Hiem =n—1 (11.12)
kmee&
where n is the number of nodes. In this way, we ensure there are only n — 1
switches connected in the grid. The second condition can be imposed by
noticing that the Laplacian matrix associated to the graph must be diagonally
dominant. The Laplacian matrix W is defined as follows:

W = Adiag(u)AT (11.13)

where diag(u) is a diagonal matrix of size |E| X |€|. We could impose a con-
straint such that W is positive semidefinite in which case, we would obtain a
semidefinite programming problem. However, it is straightforward to impose a
simple linear constraint related to the diagonal-dominant characteristic of the
Laplacian matrix, namely:

Wik = D) Wios VK (11.14)
m

Collecting all the aforementioned approximations, we obtain a mixed-integer
linear programming model for the primary feeder reconfiguration. Let us see
the use of the model by a simple example.

Example 11.1. Let us solve the power system reconfiguration problem in
the classic three-feeder test system proposed by Civanlar in [84]. For the sake
of completeness, the parameters of these feeders are presented in Table 11.1.
We store all the parameters in a graph using the module networkx (see
Appendix A). The inputs of the model are the matrix of admittance Y, the
incidence matrix, and the vector of nodal powers. The corresponding code for
minimizing active power loss is presented below:

Vnode_real = cvx.Variable (num_nodes)
Vnode_imag = cvx.Variable (num_nodes)
Inode_real = cvx.Variable (num_nodes)
Inode_imag = cvx.Variable (num_nodes)
Vedge_real = cvx.Variable (num_edges)
Vedge_imag = cvx.Variable (num_edges)
Iedge_real = cvx.Variable (num_edges)
Iedge_imag = cvx.Variable (num_edges)
Jedge_real = cvx.Variable (num_edges)
Jedge_imag = cvx.Variable (num_edges)

W = cvx.Variable ( (num_nodes, num_nodes))
mu = cvx.Variable (num_edges, integer=True)
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re = [mu >= 0, mu <= 1,
Vnode_real[0] == 1,
Vnode_imag[0] == 0,
Vnode_real <=
Vnode_real >= 0.8,
Vnode_imag <= 0.05,
Vnode_imag >= -0.05,

for k in range (1, num_nodes) :

re += [Inode_real[k]==S_real[k]* (2-Vnode_real[k])+
S_imag[k]* (Vnode_imag[k]) ]

re += [Inode_imaglk]==S_real[k]* (Vnode_imaglk])
-S_imag[k]* (2-Vnode_real[k])]

sm = 0

for m in range (num_nodes) :
sm = sm + W[k, m]

re += [sm >= 0]

for k in range (num_edges) :

re += [—mu[ ]xdeltal_real[k] <= Iedge_reall ]
re += ]
re += Iedge real[k] <= mul[k]+*deltal_reallk

k]
ulk]+xdeltal_imagl[k] <= Iedge_imagl[k]
11
11
[k

[-
[
re += [Iedge_imaglk] <= mul[k]*xdeltal_imag[k
re += [Iedge_reall[k] <= Jedge_reall[k]+(l-mu
xdeltal_reall[k]]
re += [Iedge_imaglk] <= Jedge_imag[k]+(l1-mulk])
«*deltal_imagl[k]]
re += [Iedge_reallk] >= Jedge_real[k]-(l-mulk])
+deltal_reallk]]
re += [Iedge_imag[k] >= Jedge_imag[k]-(1-mulk])
«deltal_imaglk]]

1)

fo = cvx.Minimize (Inode_real[0])

Reconfiguration = cvx.Problem(fo, re)

Vedge_real == A.T@Vnode_real,

Vedge_imag == A.T@Vnode_imag,

Jedge_real == Yedge_reall@Vedge_real-Yedge_imag@Vedge_imag,
Jedge_imag == Yedge_real@Vedge_imag+Yedge_imag@Vedge_real,
Inode_real == A@Iedge_real,

Inode_imag == A@Iedge_imag,

W == AQcvx.diag(mu)@A.T,

cvx.sum(mu) == num_nodes-1]

Notice that minimizing power loss is equivalent to minimizing the power
injected at the subestation (i.e, iy). The reader is invited to experiment with

this code.

]
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Table 11.1  Parameters of the three-feeder test
system for power system reconfiguration [84].

From To  ri,(pu) Xiw(PU)  pilpu)  gi(pu)

SL N4 0.0750 0.1000 0.02 0.02
N4 N5 0.0800 0.1100 0.03 0.00
N4 N6  0.0900 0.1800 0.02 0.00
N6 N7  0.0400 0.0400 0.02 0.01
SL N8 0.1100 0.1100 0.04 0.03
N8 N9 0.0800 0.1100 0.05 0.02
N8 N10 0.1100 0.1100 0.01 0.01
N9 N11 0.1100 0.1100 0.01 -0.01
N9 N12 0.0800 0.1100 0.05  —0.02
SL N13 0.1100 0.1100 0.01 0.01
N13 N14 0.0900 0.1200 0.01 -0.01
N13 N15 0.0800 0.1100 0.01 0.01
N15 NI16 0.0400 0.0400 0.02 -0.01
N5 N11 0.0400 0.0400 0.00 0.00
N10 NI14 0.0400 0.0400 0.00 0.00
N7 N16 0.0900 0.1200 0.00 0.00

11.3 Optimal placement of capacitors

Large primary feeders require reactive compensation (e.g., shunt capacitors)
installed at appropriated locations in order to reduce power and energy losses
and improve voltage profile [83]. An optimization model is required to define
the size and place of each of these shunt capacitors, resulting in a problem
that is closely related to the optimal power flow (OPF), previously studied in
Chapter 10.

Shunt capacitors are represented as discrete injections of reactive power per
unit. These capacitors can be fixed or switching capacitor banks located along
the primary feeder. For the sake of simplicity, we address only the case of fixed
capacitors.

The objective function consists in minimizing power loss and/or cost,
whereas the result of the optimization is the size and placement of the shunt
capacitors. It is not economically viable to place capacitors in all nodes and
hence, the amount of reactive power must be limited. A basic optimization
model is presented below:
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min f objective

S SSS
k m

UO =1 + OJ
5> |lvg =1, Vke N
I > ([0 — vl Vim € & (11.15)

sy —dp — j&gom = ZykmUva, Vk e N
m

Isell < s, vk € v

Z gk < gavailable

k
& €{0,1}, Vke

Where g"°™ is the nominal value of the shunt capacitors to be placed in the
feeder and &, is a binary variable that indicates the placement of one capacitor
in node k; the amount of capacitors to be placed in the feeder is limited by
gavailable, the rest of the variables and constraints have the same interpretation
as the OPF problem studied in Chapter 10.

Model Equation (11.15) has two sources of complexity: first, power flow
equations are non-affine; and second, the problem is mixed-integer. The first
issue can be addressed by using convex approximations, whereas the second
issue is solved directly by CvxPy. Both linearization or conic approximations
(i.e., SOC and SDP) can be used in this problem. A linearization is convenient
since the model results in mixed-integer quadratic programming (MIQP), and
these type of models are solvable in practice; the quadratic term comes from
the power loss equation, which is convex. SOC and SDP approximations result
in mixed-integer second-order and mixed-integer semidefinite programming
problems, which are computationally more demanding.

We may be interested in minimizing operation costs in a planning period
(e.g., one year). In that case, the objective function includes costs associated
with the power and energy losses, as well as the cost of installation of shunt
capacitors. The objective function is therefore given by Equation (11.16):

fobjective = floss(Pr>€r) + finstattation(q) (11.16)

where e; is the energy loss, and fys, finstalation @r€ functions of annual costs
and installation, respectively. These functions are usually linear. The number
of binary variables is the same in this case, but the feeder requires to be repre-
sented in a load curve in order to calculate both power and energy losses. Some
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Figure 11.2 Radial distribution network z;,, = 0.01 + 0.005;.

countries have different penalization costs for power and energy loss, and then
the model requires to be adapted to each grid code.

Example 11.2. Let us consider the 8-nodes primary feeder shown in Figure
11.2; loads are depicted in the figure and impedance is z;,, = 0.01 + 0.005; for
all line segments. We already calculated the matrix Y7, and have a vector d of
size n that stores the loads; up to 0.01pu reactive power compensation will be
allowed. The optimization model is presented below:

n =38

v = cvx.Variable (n, complex=True) # voltages

W = cvx.Variable((n,n),complex=True) # linearization

s0 = cvx.Variable (complex=True) # power at slack
xi = cvx.Variable (n, boolean=True) # shunt capacitors
pL = cvx.Variable () # power 1loss

s = nx[0]

s[0] = sO

M = Ybus@W

res = [plL >= cvx.quad_form(cvx.real(v),Ybus.real)+

cvx.quad_form(cvx.imag (v), Ybus.real) ]
res += [v[0]==1.0]
for k in range(n):

res += [cvx.conj (s[k]+0.01j*xi[k]-d[k]) == M[k,k]]
res += [cvx.abs(v[k]-1) <= 0.1]
res += [xi[k]>= 0]
res += [xi[k]<= 1]
for m in range(n):
res += [W[m,k] == cvx.conj(v[k])+v[m]-1]
res += [cvx.sum(xi) <= 1]
obj = cvx.Minimize (pL)

OPCAP = cvx.Problem(obj, res)

OPCAP.solve ()

print (' pL’,pL.value)

print (' shunt capacitors’, np.round(xi.value))
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In this case, we used a linear approximation of the power flow equations.
The model places a capacitor at Node 7, resulting in a power loss of

pr = 0.00102. The reader is invited to experiment with this model; for
example, relax the binary constraint (boolean=False) and compare the
results. e

Example 11.3. Power distribution networks may include active components
such as D-STATCOMS (distribution static var compensators). These compo-
nents are basically voltage source converters equipped with a suitable control
that maintains a constant reactive power or nodal voltage. The model for opti-
mal placement of capacitors can be easily extended to the optimal placement
of D-STATCOMS. In that case, the term &, g"°™ is replaced by a new variable
g = £,9™™ in the power flow equations in Model Equation (11.15), and a new
constraint is included as follows:

=£kq™™ < g < &g (11.17)

Therefore, the optimization model returns not only the placement of the
component but also the reactive power that must inject into the grid. e

11.4 Optimal placement of distributed generation

Modern power distribution networks include a massive penetration of dis-
tributed generation, especially renewable sources such as photovoltaic and
wind generation, motivated by a growing concern about global warming.
The optimal placement of this distribution generation constitutes an opti-
mization problem that can be efficiently solved by the convex approx-
imations presented in the previous chapter. The problem is discrete,
although a good approximation can be obtained if binary variables are
relaxed [86].

The main objective is to minimize power loss p;, although other objectives
such as costs or reliability can be considered, subject to physical constraints
similar to the OPF problem. A vector &, € {0, 1} is defined for each node, where
&, = 1if a distributed generator is placed in Node k. For the sake of simplicity,
all generators are consider of the same capacity s"°™, resulting in the following
optimization model:
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min py
pr > real (2 Zykmvkvm>
k m
Vg =1+0j
8>l —1l|, VkeN
2 > |ygm(O — vl , Ykm € € (11.18)

sy —d;p = ZykmUva, Vke N
m

lIsell < §es™™, Ve e N
z:%k < gmax
m

& €{0,1}, Vke v

where £™* is the maximum number of distributed generators to be placed in
the system. This is a mixed-integer convex programming problem that can be
efficiently solved using mixed-integer methods such as the Branch and Bound
method. The model returns not only the placement but also the sizing of dis-
tributed generators. The costs of these generators can be also included into the
objective function, in any case, the model remains (mixed-integer) convex .

Example 11.4. We are interested in placing two distributed generators of
s"°™ = 0.02pu in the primary distribution feeder presented in Figure 11.2,
with the objective to minimize power loss. The code in Python for solving this
problem is presented below (we assume parameters of the grid are stored in a
graph G):

n = G.number_of_nodes ()
d = np.array([G.nodes[k][’d’] for k in G.nodes])

nt = 2
v = cvx.Variable (n, complex=True)
W = cvx.Variable((n,n),complex=True)
s = cvx.Variable (n, complex=True)
xi = cvx.Variable (n,nonneg=True)
pL = cvx.Variable ()
M = Ybus@W
res = [plL >= cvx.quad_form(cvx.real(v),Ybus.real)+
cvx.quad_form(cvx.imag (v), Ybus.real) ]
res += [v[0]==1.0]
for k in range(n):
res += [cvx.conj(s[k]-d[k]) == M[k,k]]

res += [cvx.abs(v[k]-1) <= 0.05]
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for m in range (n):

res += [W[m,k] == cvx.conj(v[k])+v[m]-1]
for k in range(l,n): # except the slack
res += [cvx.abs(s[k]) <= 0.02xxi[k]]
res += [xi[k]>=0, =xi[k]<=1]
res += [cvx.sum(xi) <= nt]
obj = cvx.Minimize (pL)

HOSTCAP = cvx.Problem(obj, res)
HOSTCAP.solve ()

print (HOSTCAP.status,obj.value)
print (np.round(xi.value, 3))

Although the model is binary, we use a continuous relaxation that returns a
final solution of §; = &, = 1. Notice that most of the code is similar to the
OPF problem for a linear approximation. The reader is invited to test a SOC
approximation for the problem. e

11.5 Hosting capacity of solar energy

High penetration of renewable resources, especially solar photovoltaic, could
create overvoltages along with primary feeders [87]. Therefore, it is necessary
to define the amount of solar energy that can be hosted on a power distribution
network without adversely impacting safety, power quality, reliability, or other
operational features [1].

The hosting capacity model is similar to the OPF, however, in this case
the capacity of each distributed generator is also a variable. The objective is
to determine the maximum amount of power that can be generated in each
node without jeopardizing the normal operation of the system. The model is
presented below using a complex linearization of the power flow equations:

max f objective
Vg =1+0j
d>|lvg—1||, Vk e
o 2 Vim(U = V)l Vkm € € (11.19)

sp—dp = Zykmv;{‘vm, Vk e N
m

(1/p)hy 2 |Isll, Yk € N —{0}
hy > real(sy), Yk € N — {0}
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hy
40MW A

10MW B

h
60MW 90MW

Figure 11.3 Example of two configurations of distributed generation.

In this model, h; represents the maximum active power that can host each
Node k; the objective function measures the maximum amount of power that
can host the system, subject to the power flow equations and limits of volt-
age and current flow; p represents the minimum power factor in each power
electronic converter.

There are different metrics to measure the hosting capacity, for instance we
may be interested in maximizing the total distributed generation, in that case
the objective function is given by Equation (11.20),

fobjective = Z hy (11.20)
k

However, it may be the case that most of the distribution generation con-
centrates in a single node. To solve this problem, a metric based on the
hypervolume of the new distribution generation is proposed, namely:

max [ | k. (11.21)
k

where ] represents the product among the active power generated in the grid.
In order to understand the logic behind Equation Equation (11.21) consider a
system with two distributed generators h;, h, with two possible configurations
shown in Figure 11.3. Both configurations host the same amount of distributed
generation, i.e., host(A) = 60MW + 40MW = 100MW and host(B) = 90MW +
10MW = 100MW; however, B concentrates most of the power in one node
whereas A distribute the power more equitably; this can be measured by the
area(A) = 2400, that is greater than area(B) = 2000. In a system with three
generators, we can calculate the volume vol = h, h,h; instead of the area, and
in the general case we can calculate the hypervolume given by Equation (11.21).
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Equation Equation (11.21) can be transformed using a logarithmic function,
as follows:

In (H hk) = > In(hy) (11.22)
k k

notice that In is a monotone-concave function, and hence, we can define the
following convex objective function:

min ) —In (k) (11.23)
k

subject to the same constraints of Model Equation (11.19). In the following
example, we compare objectives Equation (11.20) and Equation (11.23):

Example 11.5. Let us define the hosting capacity of the 8-nodes radial distri-
bution network presented in Figure 11.2; we already defined a graph G with all
the parameters of the grid. The code in Python for Model Equation (11.23) is
presented below:

= G.number_of_nodes|()
d = np.array([G.nodes[k]["d’] for k in G.nodes])

v = cvx.Variable (n, complex=True)

W = cvx.Variable((n,n),complex=True)
s = cvx.Variable(n, complex=True)

h = cvx.Variable (n)

M

= Ybus@W
res = [v[0]==1.0]
for k in range(n):

res += [cvx.conj(s[k]-d[k]) == M[k,k]]

res += [cvx.abs(v[k]-1) <= 0.05]

for m in range(n):

res += [W[m,k] == cvx.conj(v[k])+v[m]-1]

htotal = 0
for k in range(l,n): # except the slack

htotal = htotal + h[k]
res += [cvx.abs(s[k]) <= 1.2xh[k]]
res += [cvx.real(s[k]) >= h[k]]
obj = cvx.Maximize (htotal)
HOSTCAP = cvx.Problem(obj, res)
HOSTCAP.solve ()
print (HOSTCAP.status,obj.value)
print (' hosting:’,np.round(h.value, 3))

After executed this code, a total power of 4.63pu is placed along the
feeder with h = (0,4.54,0.03,0.02,0.01,0.01,0.01,0.01)"; notice that most
of the new generation is concentrated in a single node. However, in
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the case of the maximum hypervolume, the hosting capacity vector is
h = (0,0.73,0.37,0.24,0.18,0.15,0.12,0.10)". The maximum hypervolume
approach gives a better distribution of the newly distributed generation.

11.6 Harmonics and reactive power compensation

Power distribution systems may include non-linear loads, such as diode rec-
tifiers and/or saturated magnetic devices, that introduce harmonic currents to
the system. These harmonics, which are represented as currents at a multiple of
the fundamental frequency, create power quality problems in the grid; so that
they require to be reduced or, if possible, eliminated. One simple and efficient
way to reduce these harmonics is by means of active filters as depicted in Figure
11.4. An active filter is a power electronic converter, usually a pulse-width mod-
ulated voltage-source converter, that injects currents that compensate for both
reactive power and harmonic content. Most renewable resources, such as solar
photovoltaics and wind energy, are integrated through these types of power
electronic devices; hence, the compensation action may be performed by these
devices.

A power electronic converter is able to control the output currents by using
techniques such as carrier-based modulation, space vector modulation, or
hysteresis control®. The reference of these currents is defined by a compensa-
tion theory. There are different compensation theories, as well as the definition
of reactive power under harmonic distortion. In this section, we present a
simple compensation theory based on mathematical optimization.

Indeed, the value of the current injected by the active filter, can be obtained
by a simple optimization model. Let us consider a three-phase system with load
currents iy, i, and ic; line-to-neutral voltages are given by vy, v, and v¢; the
currents injected by the active filter are u,, ug, and uc. Therefore, the objective
is to minimize the root mean square of the current line current, in one period;
subject to power balance, as presented below:

+T
.1 .
min f (Z(lk — “k)2> dt’
ked
t
t+T
1
T/ (Z vkuk> dt' =0 (11.24)
. \keo

2 See [88] for more details about modulation and control of power electronic converters, for
the integration of renewable energies.
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Figure 11.4 Schematic representation of the voltages and currents involved in the
model for reactive power compensation and harmonic filtering.

where T = 1/(27f) and ® = {A, B, C}; notice that, minimizing line currents
entails optimization in the power losses of the system. The constraint indicates
that the instantaneous power delivered by the active filter is always zero in one
period. This implies that, in average, the active filter does not deliver power to
the grid.

This model is designed for real-time control, meaning that all variables are
time-dependent. The optimization model is solved using Lagrange multipliers;
therefore, the lagrangian function is calculated, namely:

t+T t+T

L(u, 1) = %f (Z(ik—uk)2> dt’+%/ (Z vkuk>dt’ (11.25)

ked ke®

The first optimality conditions imply that the instantaneous derivative of L
with respect to three-phase currents is equal to zero,

t+T

1 f (=2, — ) + Avp) dt’ = 0 (11.26)
t

For the integral to be zero, it isrequired that its integrand is also zero. Therefore,
we have the following expresion:

—2(lk — uk) + A.Uk =0 (1127)
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Therefore, the current in each phase is given by the equation presented
below:

(11.28)

Let us multiply Equation (11.27) by v, and add in the three phase, to obtain
the following expression:

D =2i v + 20w) + A2 =0 (11.29)
ked

Now, we integrate this expression and use the fact that the active filter does
not deliver power in a period. Therefore, the following expression is obtained:

t+T

% f (Z (=20 v + vy +Avi)> ' =0 (11.30)
t

ked

2P+ AT =0 (11.31)

where p is the average power, given by the equation presented below:

t+T
p= %f (Z vkik> dt’ (11.32)
p ked

and O is the three-phase square voltage, given by the following expression:

t+T
-2 1
v = Tf (Z Uﬁ) dr' (11.33)
ke®
t
— 1y2 2 2
= Udms) + UB(rms) + UC(rms) (11.34)

Finally, replacing Equation (11.31) into Equation (11.28), the compensation
current is obtained.

U =i — _%vk (11.35)
v
This simple expression defines the optimal current that the active filter must
injectin order to reduce line currents and power loss. One aspect that is missing
in this description is the effect on the power factor of the proposed approach.
The example presented below shows this effect in practice.

Example 11.6. Let us consider a non-linear load with the fifth harmonic. To
analyze this load, we define first a function that generates three-phase variables
at the positive sequence, as presented in the code below:



Figure 11.5 Three-phase currents

for a non-linear load with 5th 10 /-/\ /-/\
harmonic.

11.6 Harmonics and reactive power compensation
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import NumPy as np
import matplotlib.pyplot as plt

£

xB
xC

return xA, xB, xC

np.linspace (0,2/60,100)
2+np.pi*60

three_phase (w,m,ph) :

XA =

mxnp.cos (wxt+ph)
= m*np.cos (wxt+ph-2+np.pi/3)
= mxnp.cos (wxt+ph+2+np.pi/3)

This function, receives the nominal frequency w, a magnitude m, and a phase
ph. Nesx, the function is used to generate three-phase voltages and currents, as
follows:

iA
iB
ic

vA,vB,vC
iA,iB,1iC = three_phase(w,10,-0.8) # fundamental current
hA,hB,hC = three_phase (5*w,1,0.1) # harmonic current

three_phase (w,170,0) # voltage

iA+hA
iB+hB
iC+hC

Figure 11.5 shows three-phase currents.
The compensation current is calculated using Equation (11.35) as presented

below:

pm = VA*xiA+ vB*xiB + vCxiC

vm = (VA*xx2) .mean() + (vBx*2).mean() + (vCxx2) .mean ()
uA = 1A - pm.mean () /vm* (VA)

uB = iB - pm.mean () /vm* (VB)

uC = iC - pm.mean () /vm* (vC)

This compensation not only reduces the harmonic contents of the line currents
but also achieves a unity power factor. The reader is invited to plot currents
i — u; and analyze the results.
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11.7 Further readings

All methods presented in this chapter may be extended to the case of three-
phase unbalanced power grids. In that case, there is required an efficient way
to store the parameters of the system. However, the main ideas are the same.
The interested reader can be referred to [89].

Heuristic algorithms have also been proposed to solve the optimal capacitor
placement as well as the optimal placement of distributed generation. See for
example [83] and [90] for the capacitor problem and [91] for the distributed
generation problem. Switched capacitors under unbalanced representation can
be included in the problem as given in [92]. Typically, these algorithms use a
master-slave strategy where a master problem chooses the placement and size
of the component, and the slave algorithm solves a power flow to obtain the
continuous variables. However, the random nature of the solutions obtained
by metaheuristics makes them unsuitable for real applications. In addition, the
abuse of biological and social metaphors tends to hide the mathematical and
physical structure of the original problem [93].

In the case of the hosting capacity problem, it can be solved using Monte
Carlo simulation [94]. This method generates a high number of scenarios where
a power flow analysis is performed [95]. The elevated number of scenarios
makes the method cumbersome for everyday operation. Risk assessment tools
have also been proposed to solve the problem [96]. However, it also requires
the generation of multiple scenarios, just as in the case of Montecarlo methods.
Heuristic and metaheuristic methods have also been proposed for solving these
types of models [97]. However, a convex approximation, like the one presented
in this chapter, is sufficient to solve the problem.

The theory presented here for compensation of reactive power and active fil-
tering is, perhaps, the most simple approach to solve this problem. However,
there are several methodologies and theories which may be complete and rig-
orous. These theories can include the effect of the neutral current and other
compensation objectives, as was demonstrated in [98]. Other compensation
theories can be found in [99] and [88], and in seminal papers such as [100]
and [101].

11.8 Exercises

1. Solve the problem presented in Example 11.2 using a SOC formulation for
the power flow equations. Compare the results.

2. Solve the problem of optimal placement of D-STATCOMs in the system
presented in Example 11.2. Use the same parameters of costs and g"°™.
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11.8 Exercises

. Find the optimal capacitor placement for the 34-bus test system presented in

Table 10.1 (Chapter 10); T1 represents the load factor for operation between
0Oh:8h, T2 for 8h:16h, and T3 for 16h:24h. Try different objective functions,
for example power loss, energy loss, and/or costs.

. Solve the problem presented in Example 11.4 considering binary variables

&, and s"°™ = 0.3pu.

. Solve the problem presented in Example 11.4 using an SDP approximation

for the power flow equations. Compare the results.

. Solve the primary feeder reconfiguration for the test system presented in

Table 11.2.

. Solve the problem presented in Example 11.5 using a SOC approximation

for the power flow equations.

. Consider the problem presented in Example 11.5 but now, a loop is created

connecting nodes 2 and 5. Compare the results.

. Determine the hosting capacity for the power distribution network pre-

sented in Table 10.1 (Chapter 10).

The concept of hosting capacity can be extended to dc distribution grids.
Formulate and solve the problem in the 21-nodes dc-distribution system
presented in Table 10.2.
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Table 11.2  IEEE 33 nodes test distribution network [102].
From To Fim (PU) Xiem(PU) pi(pu) g, (pu)
0 1 0.000575259 0.000297612 0.100  0.060
1 2 0.003075952 0.001566676  0.090  0.040
2 3 0.002283567 0.001162997 0.120  0.080
3 4 0.002377779 0.001211039 0.060  0.030
4 5 0.005109948 0.004411152 0.060  0.020
5 6 0.001167988 0.003860850 0.200  0.100
6 7 0.010677857 0.007706101  0.200  0.100
7 8 0.006426430 0.004617047 0.060  0.020
8 9 0.006488823 0.004617047 0.060  0.020
9 10 0.001226637 0.000405551 0.045 0.030
10 11 0.002335976 0.000772420 0.060  0.035
11 12 0.009159223 0.007206337 0.060  0.035
12 13 0.003379179 0.004447963 0.120  0.080
13 14 0.003687398 0.003281847 0.060  0.010
14 15 0.004656354 0.003400393 0.060  0.020
15 16 0.008042397 0.010737754 0.060  0.020
16 17 0.004567133 0.003581331 0.090  0.040
1 18 0.001023237 0.000976443 0.090  0.040
18 19 0.009385084 0.008456683 0.090  0.040
19 20 0.002554974 0.002984859  0.090  0.040
20 21 0.004423006 0.005848052 0.090  0.040
2 22 0.002815151 0.001923562 0.090  0.050
22 23 0.005602849 0.004424254 0.420  0.200
23 24 0.005590371 0.004374340 0.420  0.200
5 25 0.001266568 0.000645139 0.060  0.025
25 26 0.001773196 0.000902820 0.060  0.025
26 27 0.006607369 0.005825590 0.060  0.020
27 28 0.005017607 0.004371221 0.120  0.070
28 29 0.003166421 0.001612847 0.200  0.600
29 30 0.006079528 0.006008401 0.150  0.070
30 31 0.001937288 0.002257986 0.210  0.100
31 32 0.002127585 0.003308052 0.060  0.040
20 0.012478500 0.012478500 0 0
14 0.012478500 0.012478500 0 0
11 21 0.012478500 0.012478500 0 0
17 32 0.003119600 0.003119600 0 0
24 28 0.003119600 0.003119600 0 0
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State estimation and grid identification

Learning outcomes

By the end of this chapter, the student will be able to:

e Solve basic state estimation problems using the gradient method.

o ldentify the Y, from measurements of voltage and current.

¢ Solve optimization problems including norms in the objective func-
tion.

12.1 Measurement units

Synchrophasor or phasor measurement units (PMUs) are devices that allow
measuring voltage and current in magnitude and angle via global positioning
system (GPS) synchronization, i.e., the time-stamp given by the GPS is used
to synchronize measures and obtain exact values of nodal angles. PMUs are
common in modern power systems and constitute the primary tool to improve
observability. However, measures alone are not enough to have an accurate
picture of the state of the grid. Therefore, a state estimation algorithm must
filter redundant data and compensate spurious measurements [103]. This algo-
rithm is integrated into the supervisory control and data acquisition system
(SCADA), which requires to be precise, exact, and highly efficient to operate in
real-time.

The use of PMUs also allows estimating the Y3, and even the grid’s topology
in a model known as grid identification or inverse power flow [104]. Both the
state estimation and the grid identification are studied in this chapter under
the assumption there are PMUs in all nodes. In order to keep our philosophy of
toy-models, our presentation is based on the module CvxPy. However, practical

Mathematical Programming for Power Systems Operation: From Theory to Applications in
Python. First Edition. Alejandro Garcés.

© 2022 by The Institute of Electrical and Electronics Engineers, Inc. Published 2022 by John
Wiley & Sons, Inc.
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implementations use tailored algorithms based on the gradient method, which
are faster and more efficient.

12.2 State estimation

Measurements instruments such as voltmeters and ammeters are never perfect
but have an intrinsic measurement error. Therefore, the actual state of a system
is always unknown, although it can be estimated using available measures and
an optimization method known as state estimation.

To understand the problem, let us consider a simple circuit made up of a volt-
age source and a resistor. Let us suppose the resistance is 5.0 Q, and a voltmeter
connected in parallel to this resistor gives a voltage of 9.6 V, whereas an amme-
ter connected in series gives a current of 1.83 A. We know that the circuit must
comply with Ohm’s law, but 1.83 A X 5Q = 9.15V # 9.6V, which measurement
should we trust? The voltmeter or the ammeter? It is not a large discrepancy,
but this type of error can spread in a system with thousands of measurements.
We require a systematic approach.

Consider a power system with different type of real-time measurement
instruments as well as pseudo-measurements (i.e forecasts or historical data).
then, a non-linear measurement model may be defined as (12.1):

z=h(x)+e (12.1)

where z € R™ is the vector of measurement (and pseudo-measurements),
x € R" is the true state vector, h : R" — R relates measurements and states,
and e € R™ is the measurement error. Dimension of z is higher than dimen-
sion of x (m > n) in order to obtain an over determined system of non-linear
equations’. We only know z and h, thus, our objective is to find an estimate for
x such that the estimation error is minimized. Therefore, the problem can be
represented as weighted least squares model:

min % (z = h(x)) W (z = h(x)) 12.2)

where W is a diagonal matrix that represents the weight associated to each mea-
surement. We assume each measurement instrument is independent with zero
mean error and variance oiz, therefore, W = diag(1/ criz). The problem may be
complemented with other equality and inequality constraints that represent
operating limits and unobservable parts of the network; and for the sake of

1 In our naive example, we have one state x = i, two equation h, = Ri,h, = i, and two
measurements z, = v,z, = i.
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simplicity, we focus on the unrestricted case, the reader who wishes to delve
into the subject can refer to [103].

In the classic formulation of the problem, the state variables x are the nodal
voltage (magnitude and angle), whereas the measurements z include volt-
age magnitudes, active and reactive power flows, active and reactive power
injections, and current magnitudes, among others. Modern state estimation
models include phasor measurement units which allow obtaining the angles
as real-time and synchronized measurements.

In general, Model (12.2) is non-convex since h is made up of non-linear rela-
tions between states and measurements. In those cases, the problem is solved
using Newton-based methods without guarantee of finding the global opti-
mum. The general case includes inequality constraints, and hence it is solved
using interior-point methods, again, without a theoretical guarantee of conver-
gence or optimality. However, we are interested in linear measurement models
that make the problem convex and solvable in CvxPy. On the positive side, this
approach is close to reality to the extent that modern systems rely on PMUs,
which generate linear relationships between states and measurements. More-
over, we seek for toy-models that allow us to understand the problem and
solve it using the paradigm of disciplined convex optimization. On the negative
side, a state estimation algorithm is mainly designed for real-time operation,
and hence Python may not be the best option in practice since algorithms
implemented in Python tend to be slower than their counterpart in compiled
languages C or C++.

The most simple instance of the problem is the dc state estimation. In this
case, the grid is represented by the linear equations or DC power flow; hence,
the state of the system is given by the angle of nodal voltages 6. Our objec-
tive is to find a vector x,, that estimates 6 using available measurements of
power at each substation. Three type of measurements are available as shown
in Figure 12.1, namely: nodal powers z,, power flows departing from the
nodez,;, and power flows arriving to the node z;,. Nodal powers and power
flows in the transmission lines are linearly related to the nodal powers as
follows:

Z, = Bx., +e, (12.3)
Figure 12.1 Power .
measurements at a given node 1491 < A 2
i for dc state estimation. p
- Zp W
A
L

———— Zpf
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Zoer = HXop, +ege; (12.4)
Zoer = —HXep +ep (12.5)

where B is the Jacobian for the linear (dc) formulation of the power flow
given by (12.12) as function of the nodal admittance matrix A and the branch
admittance Y:

B=AYAT (12.6)

and H is a matrix representation of the power flows, namely:

H=YAT (12.7)

The error associated to each measurement has a variance crﬁ, aé 1> and cr; o
which allow to define weight factors as follows:

W, = diag(1/02) (12.8)

Wi = diag(1/02 ;) (12.9)

Wy, = diag(1/02,,) (12.10)

These weight factors allow to formulate the following optimization model for
estimating the angles of the system:

1
min E(Zp — Bx.,)' W, (2, — Bx.},)
1
+ E(zpfl _thh)TWpfl(zpfl —Hx.y) (12.11)

1
+ E(pr2 _thh)TWpr(pr2 — Hx.)

The model may be complemented with additional constraint x.,(0) = 0 to
ensure the slack node has an angle equal to zero. This model is evidently
quadratic-convex.

Example 12.1. Figure 12.2 shows a network with three buses, two genera-
tors, and a load. All voltages have the same magnitude (1pu), but their angles
(6;) are unknown. Power metering systems are placed to measure both nodal
power and power flows. The state variables are 6;, and the measurements can
be related to the states via linear equations resulting in a convex problem.

The state of the system can be completely represented by the angles of the
system x., = (6y,6;,6,). In addition, there are three set of measurements,
namely: z, = (py, p1,p,)" for nodal powers, z_c; = (po1, Pos» P12)' for the
power flows measured at the beginning of the lines, and z,,¢, = (P10, P20» pa)’
for the power flows measured at the end of the lines. Each of these vectors
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146,

Yo =1/0012 4%

Do b1

Yoo = 1/0-010 Y12 = 1/0.011

146,

D>

Figure 12.2 Three-bus system. v represents points with power metering systems.

have a linear relation with the nodal angles as given in (12.3) to (12.5) with the
following numerical values for matrices B and H:

1/0.012 + 1/0.010 —1/0.012 —1/0.010
B= ~1/0.012 1/0.012 +1/0.011 -1/0.011
—1/0.010 -1/0.011 1/0.011 + 1/0.010
(12.12)
1/0.012 —1/0.012 0
H=| 1/0.010 0 —1/0.010 (12.13)
0 1/0.011 —1/0.011

Let us suppose nodal powers are p = (0.8,0.7,—1.5)", therefore, nodal angles
0 = th and power flows pf can be calculated as follows:

import networkx as nx

G = nx.DiGraph ()

G.add_edges_from([(0,1), (0,2),(1,2)1)

A = nx.incidence_matrix (G, oriented=True)

Y = 1/np.array([0.012,0.010,0.01117)

B A@np.diag(Y)QA.T

p = np.array([0.8,0.7,-1.51])

th = np.linalg.solve (B, p)

th = th - th[0] # the angle in the slack is 0

H = -np.diag(Y)@A.T
pfl = HQRth # power flow at the beginning of the line
pf2 = -pfl # power flow at the end of the line

This is the real state of the grid, however, we can only obtain measurements
with normal distributed noise with zero mean and variance o, and o for the
nodal powers and the power flows, respectively. This effect can be considered
as follows:
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sigma_p = 0.01

sigma_f = 0.01

zp = p + np.random.randn (3) *sigma_p
zfl = pfl + np.random.randn (3) *sigma_f
zf2 = pf2 + np.random.randn (3)*sigma_f

With these measurements we have all the elements to formulate Model (12.11)
as given below:

import cvxpy as cvx

Wp = (1/sigma_p#**2)*np.identity (3)
Wf = (1/sigma_£f**2)*np.identity (3)
x_th = cvx.Variable (3)

obj = cvx.Minimize (1/2*cvx.quad_form(zp-B@x_th, Wp) +
1/2xcvx.quad_form(zf1l-H@x_th,Wf) +
1/2xcvx.quad_form(zf2+H@x_th,Wf))

[x_th[0] == 0]

WLS = cvx.Problem(obj, res)

WLS.solve (verbose=True)

res

We can know how accurate our model is by calculating the distance between 8
(the real state) and x,,, (the estimation).

print (np.linalg.norm(x_th.value-th)*100)

The reader is invited to experiment with the model by executing the code
several times with different values of o, and 0. e

Example 12.2. Consider the power distribution grid depicted in Figure 10.1,
Chapter 10. The Yy, is calculated as Example 10.2 and the real state of the sys-
tem is obtained by the load flow algorithm given in Example 10.3, then, nodal
values can be calculated as given below:

d = np.array([G.nodes[k][’d’] for k in G.nodes])

s = np.array ([G.nodes[k] ["smax’] for k in G.nodes])
Vn = LoadFlow(s[l:n],d[1l:n])
In = Ybus@Vn

Sn = VnxIn.conj()

Let us suppose this is the real state of the system, however, we have only inac-
curate measurements of voltages and currents; this can be represented in the
model as measurements z,,, z; with random noise, namely:

zv = Vn + np.random.randn (n)*0.00l+np.exp (0.1j*np.random.
randn (n))

zi = In + np.random.randn(n)*0.0001l*np.exp (0.1j*np.random.
randn (n))
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Both voltages and currents are inaccurate so we cannot rely on one to calcu-
late the other. However, we can generate the following measurement model in
complex variable:

z, \_ [ 1. e,
( Z )_< Yius )xu +< e; ) (12.14)

where the state variables are represented by the vector x, that estimates the
nodal voltages and the measurements are z = (z,,z;)" = (V, + e,,I, +¢,)7.
The matrix 1, is the identity of size n and the errors are given by (e,,¢;)". We
assume both voltages and currents has the same accuracy and hence the weight
matrix can be given as the identity. Therefore, Model (12.2) can be directly
implemented in Python as follows:

import cvxpy as cvx

xv = cvx.Variable(n, complex=True)

id = np.identity (n)

obj = cvx.Minimize (1/2+cvx.quad_form(zv-xv,id) +
1/2+cvx.quad_form(zi-Ybusxxv, id))

WLS = cvx.Problem(obj)

WLS.solve (verbose=True)

At first glance, it would seem illogical to calculate x, given that we have a set of
voltage measurements z,, however, note that x, has a smaller deviation from
the true state of the system V,, (which we do not know in practice), thanks
to the information provided by the other measurements. Let us calculate this
deviation in percentage:

print (np.linalg.norm(zv-vVn)*100)

print (np.linalg.norm(xv.value-Vn)*100)

After executing this code, the deviation of z, with respect to V,, is around 0.4%,
whereas the deviation of the estimation is around 0.03% (results can change

from one execution to another due to the random error introduced in the code).
A

12.3 Topology identification

Power distribution networks are usually operated radially. However, along with
primary feeders, there are tie and sectionalizing switches that allow changing
the topology, transferring load from one feeder to another. Modern sectionaliz-
ing switches may be controlled centrally, but the switching effect requires to be
checked. This observability problem for smart-distribution networks is known
as topology identification.
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On the other hand, the increasing growth of measurement technologies
for power systems applications, such as smart meters and PMUs, results in
improved controllability and observability. These aspects are essentials for the
development of smart-grids at power and distribution levels. However, the
actual implementation of these technologies in power distribution networks is
limited by their costs. Therefore, early implementation of smart-distribution
applications shall come with low-cost technologies that have limited mea-
surement capability. Therefore, we require efficient algorithms for topology
identification that guarantee real-time operation using low-cost measurement
technologies [105].

Let us consider a power distribution network as the one depicted in
Figure 12.1. We suppose the system is equipped with sectionalizing switches
that modify the topology according to an optimization model that seeks loss
reduction (See Section 11.2 Chapter 11 for the distribution feeder reconfigura-
tion problem). The grid is also equipped with a non-contact line current sensor
at specific points. A set of pseudo measurements of the nodal power is also
considered in the problem.

The grid is represented as an oriented graph § = {N,&} with v =
{0,1, ..., k,...n} the set of nodes and &€ C N X NN the set of edges. The fol-
lowing variables are considered in the model: the nodal voltage V. = [vy]
estimated at node k; the current Iy, = [i; ] estimated at node k; the edge current
I; = [iy,,] estimated at branch km; and a binary variable , that represents
the switching status of edge km. Besides, the following inputs and parame-
ters are considered: the pseudo-measurement of the model power s; at each
node k; a subset M C & that represents the edges with current sensors; the
measurement of these current sensors &, ,; the admittance of each branch of
the grid Y¢ = [g]; and the incidence matrix A of the graph included all the
branches.

The optimization model consists of minimizing the error between mea-
sured and estimated variables, subject to power flow constraints as presented
below:

min Z |ikm - gkml
kmeM
Micm € {O’ 1}
Vy=ATV, (12.15)
IN = AIS
Ie = pYeVe

I = (s /v)*
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This model is non-linear and mixed-integer. Hence, a mixed-integer linear
approximation is developed as follows: first, the non-linear equation of the
nodal power is approximated to a linear model as follows [89]:

i = 552 —0)) (12.16)

Next, the product of binary and continuous variables is approximated as pre-
sented below?:

ireal
_:ukmakm < l]r;i < :ukmakm

_:ukmakm < i;cr:lnag < /"kmakm
A — (1 = piom)Siom < 122 < A + (1 = i) Sim (12.17)
limag imag

IA

km (1 - Mkm)akm i < /‘l;(n,;ag + (1 - /'lkm)akm

km
Akm = YkmVkm

where 1, is an auxiliary complex variable related to the current for each
branch km and &;,, is the current capacity of each branch.

Example 12.3. The mixed-integer model for topology identification in power
distribution is implemented in Python as follows:

Vnode_real = cvx.Variable (num_nodes)
Vnode_imag = cvx.Variable (num_nodes)
Inode_real = cvx.Variable (num_nodes)
Inode_imag = cvx.Variable (num_nodes)
Vedge_real = cvx.Variable (num_edges)
Vedge_imag = cvx.Variable (num_edges)
Iedge_real = cvx.Variable (num_edges)
Iedge_imag = cvx.Variable (num_edges)
Jedge_real = cvx.Variable (num_edges)
Jedge_imag = cvx.Variable (num_edges)
mu = cvx.Variable (num_edges, integer=True)
re = [mu > 0, mu <= 1,
Vnode_real[0] == 1, Vnode_imag[0] == 0,
Vedge_real == A.T@Vnode_real, Vedge_imag ==
A.T@Vnode_imag,
Inode_real == A@Iedge_real, Inode_imag ==
A@Iedge_imag,
Jedge_real == Yedge_real@Vedge_real-Yedge_imagl
Vedge_imag,
Jedge_imag == Yedge_real@Vedge_imag+Yedge_imag@

Vedge_real]
for k in range(l,num_nodes) :
re += [Inode_real[k]==S_reall[k]* (2-Vnode_reallk])+

2 See Section 4.9 Chapter 4.
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S_imagl[k]* (Vnode_imagl[k]) ]
re += [Inode_imag[k]==S_reallk]* (Vnode_imag([k]) -
S_imaglk]* (2-Vnode_reallk])]
for k in range (num_edges) :
re += [-mulk]*deltaI_reall[k] <= Iedge_reallk]]
re += [-mu[k]*xdeltal_imag[k] <= Iedge_imaglk]]
re += [Iedge_reall[k] <= mulk]*deltal_reallk]]
re += [Iedge_imagl[k] <= mul[k]xdeltal_imaglk]]
re += [Iedge_real[k] <= Jedge_reallk]+(1-mulk])
*deltal_reallk]]
re += [Iedge_imag[k] <= Jedge_imagl[k]+(1-mulk])
xdeltal_imaglk]]
re += [Iedge_reallk] >= Jedge_reallk]-(1l-mulk])
*deltal_reall[k]]
re += [Iedge_imag[k] >= Jedge_imagl[k]-(1-mulk])
xdeltal_imaglk]]
fo = cvx.sum(Wmes@cvx.abs (Iedge_real-IE.real))
fo += cvx.sum(Wmes@cvx.abs (Iedge_imag-IE.imag))
Identification = cvx.Problem(cvx.Minimize (fo), re)
Identification.solve (verbose=True)

where the input are the measurements IE, the incidence matrix A, and
the pseudo-measurements of power S_real and S_imag. The model
was separated into real and imaginary parts in order to simplify its
implementation.

124 Y, estimation

Estimating the Yy, is a crucial problem in the operation of power systems, both
at power and distribution levels. We are interested in generating an estimation
Y closest to the real value Yy,,. Therefore, we require a way to measure the
distance between Y and Yy, that is to say, we require a norm, as defined in
Chapter 2, but in the space of the complex matrices; so, given a norm ||-|| in R",
we can generate a new norm in space R™*" as given in (12.18).

[|M|| = su[i |‘|‘Mx|| (12.18)
x||=1

As the norm of a vector, a matrix norm is a convex function that may be used as
the objective function is convex optimization problems implemented in CvxPy.

Consider a power grid in which all nodes are equipped with PMUs that
allow measuring both voltages and currents. Let us assume we do not know
the exact values of the parameters of the transmission lines and the topology of
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central computer

Figure 12.3 Four-node grid with PMUs in all nodes for Y, identification.

the grid, and therefore, an Yy, estimation algorithm is required. A central com-
puter receives and stores the information for different scenarios as depicted in
Figure 12.3.

The basic estimation algorithm is defined as the following unconstrained
optimization problem:

min lyv -1y (12.19)

where ||-|| is any matrix norm, V and I are matrices of size n, X n, with n, the
number of nodes and n, the number of scenarios. Notice this optimization prob-
lem is defined in the set of the complex matrices and not in the set of vectors as
in the optimization problems presented in previous chapters.

The model may be complemented with additional constraints related to the
main features of the Y7, For instance, we know it is symmetric, meaning that

Y=YT (12.20)

In addition, we know that G = real(Y)and B = — imag(Y") are positive semidef-
inite, diagonally dominant and sparse. The topology of the graph defines entries
that are already known and equal to zero. All these features can be added to the
model in order to obtain a more accurate estimation.
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Example 12.4. Let us estimate the Yy, for the system shown in Figure 12.3.
Our example is divided into three parts: first, we generate the exact model of
the grid, in order to obtain the correct value of the Y7,,; then, a random set of
measurement scenarios are generated with this matrix; and finally, the Yy, is
estimated by the proposed optimization model.

We use the module NetworkX for generating the Yy, as presented below;
parameters of the transmission lines are included in the code:

import numpy as np

import networkx as nx

Grid = nx.DiGraph ()

Grid.add_edges_from(((1,2), (2,3),(3,4),(4,1)))

Yp = 1/np.array([0.002+0.0273,0.001+0.033,0.001+0.027,
0.001+0.04731)

A = nx.incidence_matrix (Grid, oriented=True)

Ybus = A@np.diag(Yp)@A.T

Now, we generate a set of random scenarios for the voltages around 1pu
and next, these voltages are used to calculate nodal currents for each scenario.
Finally, a random noise is added in order to emulate possible inaccuracies of
the measure devices. The code in Python is presented below:

nn = 4 # number of nodes

ns = 20 # number of scenarios

v = 0.9%np.ones ((nn,ns))+0.2+np.random.random( (nn,ns))
a = np.random.random( (nn,ns))-0.5

Vbus = vxnp.exp(axlj)

Ibus = Ybus@Vbus + np.random.normal (0,0.1, (nn,ns))
Ibus = Ibus + ljxnp.random.normal(0,0.1, (nn,ns))

The optimization model consists on minimizing (12.19) subject to the con-
straint Y = Y as follows:

import cvxpy as cvx

Y = cvx.Variable((nn,nn), complex=True)
fo = cvx.Minimize (cvx.norm(Y@Vbus—Ibus))
re = [Y==Y.T]

Est = cvx.Problem(fo, re)

Est.solve ()
print (np.linalg.norm(Y.value-Ybus))

The result of this model is different each time the script is executed due to the
random scenarios. However, the order of magnitude of the error is the same
according to the number of scenarios. The script was executed with a different
number of scenarios, and the results are shown in Figure 12.4; it shows that
a high number of scenarios does not necessarily increase the accuracy of the
estimation. e
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Figure 12.4 Estimation error vs number of scenarios.

Example 12.5. Consider now the previous example with semidefinite con-
traints as follows:

Y = cvx.Variable((nn,nn), complex=True)

fo = cvx.Minimize (cvx.norm(Y@Vbus-Ibus))
re = [Y==Y.T, cvx.real(Y) >> 0, -cvx.imag(Y)>>0]
Est2 = cvx.Problem(fo, re)

Est2.solve ()
print (np.linalg.norm(Y.value-Ybus))

The reader is invited to execute the script for different number of scenarios n,.
In general, the positive semidefinite constraints does not improve the accuracy
of the solution for a large set of scenarios (e.g n; = 20), and instead, the time
calculation is highly increased. However, for a small data set (for instance ng =
3), the semidefinite constraints highly improve the results.

Example 12.6. We can show that the following conditions hold in the grid of
Example 12.4:

8kk 2 Z —8km
m#k

b = D bim (12.21)
m#k
This conditions are general, easy to implement, and less time-consuming that
semidefinite constraints, for problems with few measurement scenarios. A
script with this constraints is presented below:

Y = cvx.Variable ((nn,nn), complex=True)

fo = cvx.Minimize (cvx.norm(Y@Vbus—Ibus))

re = [Y==Y.T]

re += [cvx.real(Y[0,0]) >= -cvx.real(Y[0,1]+Y[0,2]+Y[0,3])]
re += [cvx.real(Y[1l,1]) >= -cvx.real (Y[1,0]+Y[1,2]1+Y[1,3]1)]
re += [cvx.real(Y[2,2]) >= -cvx.real(Y[2,0]+Y[2,1]1+Y[2,3])]
re += [cvx.real(Y[3,3]) >= -cvx.real(Y[3,0]1+Y[3,1]1+Y[3,2])]
re += [-cvx.imag(Y[0,0]) >= cvx.imag(Y[0,1]1+Y[0,2]1+Y[0,3])]
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re += [-cvx.imag(Y[1l,1]) >= cvx.imag(Y[1,01+Y[1,2]1+Y[1,31)]
re += [-cvx.imag(Y[2,2]) >= cvx.imag(Y[2,0]+4Y[2,1]1+Y[2,3])]
re += [-cvx.imag(Y[3,3]) >= cvx.imag(Y[3,0]+Y[3,1]1+Y[3,2])]
Est2 = cvx.Problem(fo, re)

Est2.solve ()

print (np.linalg.norm(Y.value-Ybus))

The student is invited to compare results with the previous examples for n, = 3.
]

12.5 Load model estimation

The loads in distribution systems depend on the voltage, therefore, they are
usually represented by quadratic functions of the nodal voltage as follows:

p = p,(av?+bv+c) (12.22)
q = qo (agv* + byv +c¢,) (12.23)

where py, qy, and v represent the nominal active/reactive power and the nodal
voltage in per unit. Each coefficient in the quadratic form has a physical mean-
ing according to the type of load, thus ¢, and ¢, represent constant-power loads
whereas coefficients of the linear part (b, and b,) represent constant-current
loads and, coefficient associated to the quadratic terms (a, and a,) represent
constant-impedance loads. This model is known as ZIP model since each term
represent the percentage of constant impedance loads (Z), constant current
loads, (I) and constant power loads (P). Therefore, all coefficients in the model
are positive and the following constraints hold:

a,+b,+c,=1 (12.24)
ag+bg+c,=1 (12.25)

Every load exhibits a mixture of such voltage-dependent behavior. However,
constant impedance is most commonly found in residential loads, constant cur-
rent in commercial loads and, constant power in industrial loads. The use of
Advanced Metering Infrastructure (AMI) for real-time monitoring and control
of a distribution system allows estimating the model ZIP of the load accurately
by a simple optimization problem.

Let us consider a database with measures of nodal voltage and active/reac-
tive power. Our objective is to adjust these measures to a ZIP model taking
into account the previously mentioned physical constraints. Therefore, the fol-
lowing least-squares estimation model is proposed for the case of the active
power3:

3 The model for the reactive power has the same structure.
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1n—l )
min > > (apv? +byug + ¢, —rppr)
k=0
a,+b,+c,=1 (12.26)

ap, bp, Cps¥p 20

where p, and v, are measures of power and nodal voltage with dim(p) =
dim(v) = nandr, = 1/p,. The objective is to minimize the sum of the squares
of the error between the data and the model, subject to (12.24). Notice that
Model (12.26) is convex and can be easily solved using CvxPy. This model can
be executed for a database grouped by hours, in order to obtain values of each
hour of the day, but can be also executed to evaluate the average behavior of
the load.

Example 12.7. Let us see how Model (12.26) works in practice; first, we gen-
erate a set of n = 800 synthetic measurements of voltage and active/reactive
power. Voltages are randomly generated through a normal distribution such
that most of the data is between 0.95 and 1.05. To do this, we define a mean of
1 and a standard deviation of 0.05/3 (thus, the 98% of the data falls into this
interval). Active and reactive power are calculated by a predefined ZIP model
with additional noise, also generated by a normal distribution as follows:

import numpy as np
n = 800

v np.random.normal (1,0.05/3,n)
p = 1.2%(0.3%v*%x2+0.2%xv+0.5) + np.random.normal (0,0.004,n)
q 0.2x(0.6%xvx*x2+0.2xv+0.2) + np.random.normal (0,0.001,n)

Figure 12.5 shows the results for one execution of this code.
A script for the estimation of the ZIP model for the active power is straight-
forward for this case:

ap = cvx.Variable (nonneg=True)

bp = cvx.Variable (nonneg=True)

cp = cvx.Variable (nonneg=True)

rp = cvx.Variable (nonneg=True)

fo = cvx.Minimize (1/2*cvx.sum( (ap*v**2+bp*v+cp—rp*p) **2))
re = [aptbptcp == 1]

Model = cvx.Problem(fo,re)

Model.solve ()

The student is invited to execute the script and evaluate the accuracy of the
estimation, taking into account this synthetic data set is perhaps more distorted
than actual measurements. More general models are possible, including the

229



230

12 State estimation and grid identification

1.25 ®
_ ey
=}
=
g 1.2
2 [ )
&

[ ]
P
1.15 °
095 096 097 098 099 1 1.01 1.02 1.03 1.04 1.05
Voltage (pu)
—_ [ ]
=}
2 021 'b.o.
g
[ ]

8 02
(O]
2
9
& 019 .a..,.

095 096 097 098 099 1 1.01 1.02 1.03 1.04 1.05
Voltage (pu)

Figure 12.5 Synthetic data of voltage and power for load estimation.

effect of the frequency. The structure of these models is also the least square
model and can be solved quickly, as presented here. e

Example 12.8. The least square model for the load estimation can be solved
directly by relaxing inequality constraints. In that case, the Lagragian is given
by (12.27):

n—1

1 5 2
L=5 ;é)(apvk +byue+c, —rpp) +A,(ap+b,+c,— 1) (12.27)

The optimal conditions can be easily obtained by taking the derivative of £ as
function of ap, by, ¢y, 1y, and 4, resulting in the following linear system:

Ov4 Ov3  Ouv2 —Opn2 1 ap 0
Ou3 Ou2 Ou1 _apvl 1 bp 0
Op On n —0yn 1 ¢ |=] 0 (12.28)
Opz Opo1 Op1 —Opy O "p 0
1 1 1 0 0 A 1
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with
n—1 n—1
— 4 — 3
o'1;4—Z:Uk Uu3—zvk
= k=0
n—1 n—1
— 2 —
UU2_ka o'Ul_zvk
k= k=0
(12.29)
n—1 n—1
— 2 —
Gpuz - Z pkvk Gpul - Z PrUk
=0 k=0
n-1 n-1
— — 2
Upl - Z Pk sz - Z pk
k=0 k=0

By solving this five linear system, we may obtain the values of ap, bp, Cps and
rp; however, in some pathological cases, the values may be negatively violating

the inequality constraint. e

12.6 Further readings

One of the first formulations of the state estimation problem can be found in
[106]; see also [103] and the references therein for a complete review of the
classic formulation. A modern approach considering PMUs can be found in
[107]. In general, the problem is non-convex. However, there are convex approx-
imations including semidefinite programming [108], just as in the case of the
power flow equations [109]. The problem may be complemented with other
algorithms that check connectivity and observability of the grid as well as the
presence of insufficient data as presented in [110].

Although methods for grid identification have been known for a long time,
their application is recently enhanced by the development of PMUs. Modern
approaches to the problem are based on statistical algorithms such as the least
absolute shrinkage and selection operator (LASSO) proposed in [104], where
the problem is referred to as the inverse power flow.

Topology identification is an active research area with different models
according to the type of available measurement. The model presented here was
proposed by Farajollahi et al. in [105]. This model is attractive for practical
application since it requires very few low-cost measurements. In addition, it
is notably robust to the variations of the pseudo-measurements.

Parameter identification for aggregate load modeling has been studied under
different approaches. For example, in [111] a hybrid learning algorithm was
proposed. This algorithm combines heuristics with a non-linear Levenberg-
Marquardt method and allows for the representation of static loads such as
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induction motors and residential, commercial, and industrial loads, as pre-
sented in this chapter. The advantages of heuristic algorithms compared to
more simple least square methods are questionable in time calculation. How-
ever, the current development of machine learning and artificial intelligence is
based on these types of approaches, and the research continues.

It is vital to note that although the mathematical models presented in this
chapter were solved using CvxPy, they could be solved using the gradient
method or by direct calculation of the quadratic problem. These methods may
be more efficient for online estimation where results are required in real-time.
However, the approach presented here is enough for off-line applications even
with large data sets.

12.7 Exercises

1. Solve the dc state estimation problem presented in Example 12.1 including
PMUs measurements of the angles of the system, that is, including a new
set of measurements zy = (6y,6,,6,)" + (eq,, €., €5,)" With g = 1x107°.
Compare the results with the classic problem without PMUs.

2. Solve the ac state estimation problem presented in Example 12.2, includ-
ing nodal and branch power flows measurements. Formulate a second-order
approximation to make the problem convex.

3. Repeat the previous problem using a semidefinite approximation.

4. Solve the non-convex formulation of the state estimation problem, consider-
ing nodal and branch power flows measurements, using Newton’s method.
Compare results with the previous problems.

5. Solve the topology identification problem on the IEEE 33-bus test system
presented in Table 11.2, Chapter 11.

6. Prove that the matrix norm defined as (12.18) has the following property:

lA - B|| < [|A]l - [|BI] (12.30)

7. The gradient method may be also used in matrix functions. Consider the
following optimization problem:

min f(X) = % lAX — B2 (12.31)

where A, B, X are square matrices and [|-||, is the Frobenius norm, defined
as (12.32).

IX]] = Vtr(XXT) (12.32)



10.

12.7 Exercises

The derivative of this norm is given by (12.33),

a1IxII2
0X

Notice this is the derivative of a matrix since the gradient method must
be formulated in terms of matrices and not vectors. Solve the optimization
problem (12.31) for two randomly generated matrices 4, B € R33,

=2X (12.33)

. Prove the properties of the Yy, given in (12.21).
. Repeat examples presented in Section 12.4 but this time use the Frobenius

norm. Compare results and computation time.

Solve the problem in Example 12.7 by direct derivation of (12.27). Com-
pare the solution with the solution given by CvxPy at different randomly
generated instances of the problem.
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13

Demand-side management

Learning outcomes

By the end of this chapter, the student will be able to:

o To formulate basic models for demand-side management, including
energy storage devices.

o To discuss the effect of electric vehicles.

¢ To solve problems related to phase balancing and load shifting.

13.1 Shifting loads

Final-users usually pay for consumed energy regardless of the shape of the load
curve, that is to say, they pay for kWh and not for kW. However, power is becom-
ing more critical in modern electric markets where the price of the energy is
variable along the day. In these cases, it is advisable to adjust the load curve
in order to avoid a load peak at high-price hours. Consider, for example, the
duty cycle of a washing machine on a residential user; it is preferable to have a
peak of demand in hours when the price of energy is low, early in the morning,
instead of having it when the price is high in the evening. The same applies to
many industrial loads that may be moved in time to reduce the total energy cost.

An optimization model for shifting loads modifies the starting time but main-
tains the shape and the total energy as depicted in Figure 13.1. This shifting
action may be represented as a cyclic permutation.

Let us consider a shifting of one hour. The load curve is represented as a
vector s € R?* for each hour ¢; the shifted load represented by another vector

Mathematical Programming for Power Systems Operation: From Theory to Applications in
Python. First Edition. Alejandro Garcés.

© 2022 by The Institute of Electrical and Electronics Engineers, Inc. Published 2022 by John
Wiley & Sons, Inc.
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* shift

load p (kW)

tir’:e(h)

load s (kW)

tirze(h)

Figure 13.1 Example of a shifting load. In both cases the shape and the total energy
are the same, but the peak as moved.

p € R?*, and permutation matrix M which is given by Equation (13.1):

0100 0 0
0010 0 0
00 0 1 0 0
M=[0o0 0 0 0 0 (13.1)
000 .. 01
1000 .. 00

This matrix shifts the load in one position, that is it returns the same load curve
but delayed in one hour; thus, the shifted load is a vector given by the expression
p = Ms, which returns p, = s;, p3 = S, ps = S3 and so on, until p,, = s,; and
finally, p; = s,4. If we desire to shift the load in two positions, then we must
use twice the same permutation, namely p = MMs = M?2s. In general, a shift
permutation of k positions is given by Equation (13.2):

p = MFs (13.2)

Therefore, we must choose among 24 different cyclic permutation matrices
including the identity permutation!. With this simple idea, the model for
shifting load optimization of D loads is the following:

1 Notice that M** = Identity
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: T
min ¢ Piotal

Protal = Z bi

i€D
pi= (Z xikM") s, VieD (13.3)
k
Dixu=1 VieD
k
Xik S {0, 1}

where c is the vector of energy cost for 24h operation; x;. is a binary vari-
able which is 1 if the load i is shifted to k positions; and M is the one-shift
permutation given by Equation (13.1). The objective function seeks to mini-
mize total costs, subject to the energy balance. Additional constraint may be
included, such as maximum peak load piyi. < Pmax @nd hours of banned oper-
ation (e.g, we might avoid operation between 0:00 and 7:00 AM). Notice that
Equation (13.3) is a mixed-integer programming problem, since M* is constant.

Example 13.1. Let us make a small experiment to see the properties of the
cyclic permutation matrices. In the script below, we create the matrix M and
a permutation M* with k as input. The result is the expected permutation
according to k.

import numpy as np
M = np.zeros((24,24))

M[23,0] =1
for k in range (23):
Mlk,k+1] =1
t = int (input ('Enter the time shifting:’)
p = np.linspace (1, 24,24)
R = np.linalg.matrix_power (M, t)
m=p @ R

for k in range (24):
print (p[k],’—>",m[k])

The student is invited to use different integer values of k, even values greater
than 24. e

Example 13.2. An industry has three specific loads that correspond to a dif-
ferent industrial process. These loads can be shifted in order to minimize total
costs. The capability of the transformer is p,,, = 20 and no process can be per-
formed between 0:00 and 6:00 AM. Table 13.1 shows the data for the current
operation.
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Table 13.1 Three industrial process
and price of the energy in each time.

Hour Price Load1l Load2 Load3

0 460 0 0 0
1 450 0 0 0
2 450 0 0 0
3 450 0 0 0
4 470 0 0 0
5 470 0 0 0
6 500 0 0 0
7 530 0 0 2
8 580 5 0 3
9 600 10 3 4
10 620 10 4 10
11 600 8 10 12
12 600 5 12 7
13 600 3 9 5
14 580 0 8 4
15 570 0 5 0
16 560 0 0 0
17 565 0 0 0
18 550 0 0 0
19 610 0 0 0
20 650 0 0 0
21 650 0 0 0
22 610 0 0 0
23 500 0 0 0

The following code shows the implementation of Model Equation (13.3) for
these three loads. First, we load the data, which was stored in a CSV file named
Table.csv.

import numpy as np

import matplotlib.pyplot as plt
from pandas import read_csv
import cvxpy as cvx



data = read_csv(’'Table.csv’)

c = datal[’Price’].to_numpy (dtype= float)
sl = data[’Load 1’].to_numpy (dtype= float)
s2 data[’Load 2’].to_numpy (dtype= float)
s3 data[’Load 3’].to_numpy (dtype= float)

13.1 Shifting loads

Now, we define the matrix M:

M = np.zeros((24,24))

M[23,0] =1
for k in range (23):
Mk, k+1] =1

Finally, we built the optimization model:

x1 = cvx.Variable (24,boolean=True)
x2 = cvx.Variable (24,boolean=True)
x3 = cvx.Variable (24,boolean=True)
pt = cvx.Variable (24)

pl = cvx.Variable (24)

p2 = cvx.Variable (24)

p3 = cvx.Variable (24)

u = np.ones(24)

pmax = 20

Eql = 0

Eqgqz = 0

Eg3 =0

for k in range (24):
Egql = Egql + xl[k]l*np.linalg.matrix_power (M
Eg2 = Eg2 + x2[k]*np.linalg.matrix_power (M
Eg3 = Eg3 + x3[k]l*np.linalg.matrix_power (M

res = [pt == pl+p2+p3,
pt <= pmaxk,
pl == Eql,
p2 == EqZ,
p3 == Eg3,
cvx.sum(x1l) == 1,
cvx.sum(x2) == 1,
cvx.sum(x3) == 1,
pt[0:6] == 0]
fo = cvx.Minimize (c.T@pt)
SL = cvx.Problem(fo, res)
SL.solve ()

k)@sl
k)@s2
k)@s3

Most of the code is self-explanatory. Notice there are only 24 binary variables
for each load in this Model. The rest of the variables are continuous.

Results are shown in Figure 13.2. Initial loads are shown at the top, while
shifted loads are shown at the bottom. Notice the peak of the load was 30 kW
in the first case, while the new peak is only 20 in the shifted loads. The shifting
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Figure 13.2 Results for the shifting load problem. Original loads (top), shifted loads
(bottom).

load optimization reduces by 5% the total cost. A great reduction taking into
account we only required to move the loads in time.

13.2 Phase balancing

Power distribution networks are usually unbalanced due to the presence of
single-phase loads. This phenomenon is undesired since unbalancing increases
neutral currents and, consequently, power losses. In addition, unbalanced
currents may reduce motors lifetime since extra heat, due to zero-sequence
currents, increases operating temperature of windings and might break down
insulation, entailing motor failure. Mechanical vibrations due to unbalanced
voltages/currents in industrial loads may also reduce the lifetime of motors.
Therefore, we require an optimization model to determine the phase in which
loads are connected to reduce zero sequence currents [112].

Let us consider a system with n single-phase loads represented as d; with
j € {0,1,...,n— 1}, which are connected to a three-phase power distribu-
tion network; the problem is basically an assignment problem? that consists

2 See [113] for more details about the general assignment problem.
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Figure 13.3 Phase balancing as an
assignment problem.

in assigning a phase to each load as shown schematically in Figure 13.3. There-
fore, a binary variable x;; is defined such that x;; = 1 if the load d; is connected
to the phase i € {A, B,C}. The total power in each phase is given the matrix
equation Equation (13.4).

do
ba Xa0 Xa1 -+ Xan-1 d
_ 1
Dp |=]| Xpo X1 - Xpp-1 . (13.4)
bc Xco Xc1 -+ Xcn—1 d
n—1

Each load must be connected to a unique phase, therefore, the following
constraint must be satisfied:

> x;=1 Vj€{0,1,.,n-1} (13.5)
i€{A,B,C}

An unbalance index ¥ is defined as the deviation of the power in each phase
with respect to the mean:

1
Y= § (”pA - pmean” + ||pB - pmean” + HpC - pmean”) (13.6)

where p4, pg, Pc are the total power in each phase and, pyc., is the average
power per phase given by Equation (13.7),

+ +
Pmean = pAI;—BpC (13.7)

under ideal balanced conditions, p,4, pg, and p. would be equal and 1 would be
zero; however, this condition is not always possible and hence, our best alter-
native is to find the configuration that minimizes t. This configuration may
not be unique but the value of ¢ does since Equation (13.6) is a strongly convex
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function. The entire model is presented below:

. 1
min ¥ = 5 (”pA - pmean” + ”pB - pmean” + ”pC - pmean”)

_ Patpgtpc
Pmean = f
p=xd (13.8)
Z xij =1 V]
i€{A,B,C}
xij S {0, 1}

where X, p4, Pg, Pc> and ppean are decision variables and d is the vector of
single-phase loads. The model can be easily transformed into a mixed-integer
programming problem that can be solved using CvxPy as presented in the
following example:

Example 13.3. Let us balance a system with nine single-phase loads given by
avectord = (5,8,7,3,5,5,3,4,4)" kW. The model consists in Equations (13.4)
to (13.7) with x a Boolean matrix:

import cvxpy as cvx

import numpy as np

d = np.array([5,8,7,3,5,5,3,4,4]1) # single-phase loads
n = len(d)

A, B, C=0, 1, 2

x = cvx.Variable((3,n), boolean = True)

p = cvx.Variable (3)

pmean = cvx.Variable ()

psi = cvx.Minimize (1/3* (cvx.abs (pmean-p[A])+

cvx.abs (pmean-p[B]) +
cvx.abs (pmean-p[C])))

re = [pmean == sum(p) /3]

re += [p == xQd]

re += [x[A,J] + x[B,J] + x[C,J] == 1 for j in range(n)]
PhaseBalance = cvx.Problem(psi,re)

PhaseBalance.solve ()
print (np.round (np.abs (x.value)))
print (p.value,pmean.value)

The optimal value is ) = 0.444 with a total power of 15 kW in two of the phases
and 14 kW in the remaining phase. This solution is, of course, not unique since
there are different manners to obtain the same unbalance index. The student
is invited to test different solvers for the Model and create instances with more

loads. e

The previous Model is valid for single-phase loads. In the case of three-phase
loads, the assignment model must take into account that each phase of the load
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Table 13.2 Feasible permutations for the
phase-balancing problem.

Matrix  Value Permutation Determinant
1 00

M, 0 1 0| ABC +1
0 0 1
01 0

M, 0 0 1 BCA +1
1 0 O
0 0 1

M, 100 CAB +1
01 0
1 0 0

M, 0 0 1 ACB -1
01 0
01 0

M, 1 0 0 BAC -1
0 0 1
0 0 1

M; 0 1 0] CBA -1
1 0 O

must be unequivocally connected to each phase of the system as was presented
in Figure 1.6, Chapter 1. The problem is now a permutation with six possible
configurations given in Table 13.2, where each permutation is described by a
3% 3 matrix. The first three permutations maintain the sequence of the original
loads while the three last permutations reverse the sequence. The determinant
of the matrix indicates this property®. In general, the problem may be stated in
terms of these possible permutations®.

A set D is defined to represent the three phase loads that require to be bal-
anced. Each load is vector d, € R? with k € D. For the sake of simplicity,

3 det(M;) = 1 if the permutation maintains the sequence. A change in the sequence of the
load may have practical effects. For example, a reverse in the sequence of a motor causes an
opposite rotation.

4 Other representations are possible. However, this representation reduces the number of
binary variables. See Exercise 6 at the end of this chapter.
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we assume only real power, but the model can be extended to consider active
and reactive power. A new vector of loads p; is defined with the required
permutation as given below:

D = (XoiMp + X1 Mq + XMy + X3 M3 + Xy My + X5 Ms)dye (13.9)

where x;;, is a binary variable which is 1 as the permutation i is activated in
the load j. This decision must be univocal, so the following constrain must be
added:

Xoke + X1k + Xo + X3 + Xy + X5 =1 (13.10)

Finally, the power per phase is represented by a vector s € R? and the average
power is represented by s,..,. The mathematical model is given below:

. 1
min ¢ = 3 (Z |Smean _skl)

keQ

5
Pe =, xyMdy, VkeD

i=0

5
Dxp=1 VkeD
i=0

1
Smean = § Z Sk (1311)
keQ
Sk = ﬂTp
xi €1{0,1}

where Q = {A, B, C} represents the phases of the system. Notice this is a integer
linear programming model that can be easily coded in CvxPy. This is only a toy-
model, since the phase balance problem may be integrated with the power flow
equations to minimize power loss in power distribution systems. Interested
reader is referred to [114].

Example 13.4. Letus make an instance of Model Equation (13.11) for a system
with four loads d, = (10,12,11)7, d; = (12,15,11)", d, = (11,12,15)7, d; =
(13,10, 12)". First, we define a list that contains the permutation matrices given
in Table 13.2:

import numpy as np

import cvxpy as cvx

M= []

M += [np.array([[1,0,0],[0,1,0],(0,0,111)]
M += [np.array([[0,1,0],[0,0,1],[1,0,0]11)]
M += [np.array([[0,0,1],[1,0,0],[0,1,0]1)]



M += [np.array([[1,0,0],[0,0,1],([0,1,011)]
M += [np.array([[0,1,0],(1,0,0],[0,0,111)]
M += [np.array([[0,0,1],[0,1,0],[1,0,011)]
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Now, we define the optimization model whose implementation is straightfor-

ward:

d = np.array([[10,12,11,13],
[12,15,12,101,
[11,11,15,12]1])

num_loads = len(d.T)

X = cvx.Variable ((6,num_loads),boolean=True)
p = cvx.Variable ((3,num_loads))

s_mean = cvx.Variable ()

s = cvx.Variable (3)

res = []

for k in range (num_loads):

res += [p[:,k] == (x[0,k]*M[0] +
x[1,k]*«M[1] +
x[2,k]*M[2] +
x[3,k]*M[3] +
x[4,k]«M[4] +
x[5,k]*M[5])@d[:,k]]
res += [cvx.sum(x[:,k]) == 1]
res += [s_mean==sum(s) /3]
res += [s == sum(p.T)]
obj = cvx.Minimize (1/3* (cvx.abs (s_mean-s[0])+

cvx.abs (s_mean-s[1])+

cvx.abs (s_mean-s[2])))
PhaseBalancing = cvx.Problem(obj, res)
PhaseBalancing.solve ()

Finally, we print the result with the following code:

print (s.value)

u = np.array([0,1,2])

pha = ’"ABC’

for k in range (num_loads) :
for i in range (6):

if np.round(x[i,k].value) == 1:
Mk = M[i]
w = Mk@u

print (pha[w[0]],phalw[1l]],phalw[2]])

This result could have been obtained by hand since the problem is quite simple.
However, the model is general for any number of loads. The student is invited
to generate more instances of the model with a high number of loads. e
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100

Net load

50

0 2 4 6 8 10 12 14 16 18 20 22
time (h)

Figure 13.4 Load curve in a typical day: (- -) normal load without solar generation,
(=) load curve including the effect of solar generation (duck curve).

13.3 Energy storage management

High levels of wind and solar generation lead to a drastic change in the load
curve. For example, a peak of solar radiation is expected in the middle of the
day, creating a drastic reduction of the demand seen by the power distribution
system. Likewise, the peak of the load is usually expected in the late evening
when the capacity for solar generation is reduced. This produces a steep slope of
the load as shown in Figure 13.4, a phenomenon known as the duck curve’. This
creates problems for the power system operator, especially in the late evening
when demand begins to rise since this steep slope affects the unit commitment
and the economic dispatch.

One way to mitigate problems related to the duck curve is using energy
storage devices such as batteries, flywheels, compressed air, or superconduct-
ing magnetic energy storage. The cycles of charge/discharge of these devices
should be optimized to reduce the adverse effects of the duck curve. They can
also be optimized to reduce power loss or to increase profits for selling energy
to the grid. All cases result in a convex optimization problem that can be easily
solved in Python.

Here, we propose a toy-model for the ideal grid-connected microgrid with
solar system and energy storage depicted in Figure 13.5. This model, although
particular, may be easily modified to include more general phenomena and
components. Our main objective is to minimize cost, although other objectives
such as peak shaving or loss minimization are also viable.

5 This term was coined by the California Independent System Operator but now used in the
power system literature.
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main grid Figure 13.5 Example of a
solar system grid-connected microgrid.
[T
[T
[T
[T
OO0 l l

D: - d, load !!

battery
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Let us define s, as the power generated by the solar system and g, as the power
injected by the main grid; p, is the power required by the storage system (in this
case a battery) and d, is the power required by the load. Therefore, the balance
of power in the common bus-bar is given by Equation (13.12):

S, +g =p+4d; (13.12)

where the sub-index ¢ indicates the time in hours for a operation in 24 h. Power
is measured in kW, time in h and energy in kWh; thus, the energy in the next
hour is given by Equation (13.13):

€y1 =€+ p; (13.13)

By convention we assume p; > 0 for charging mode and p, < 0 for discharg-
ing mode. For the sake of simplicity we assume an ideal process with 100%
efficiency. Both the price of the energy c;, the power generated by the solar sys-
tem s, and, the load d, are known a priory via an accurate forecasting, so the
optimization model is a deterministic linear programming problem:

min Z c8:
t

& +S =p+d
€y1 =€+ Py
0<e <em (13.14)
bl < pm

e():O
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As mentioned before, the objective is to minimize total costs, and the main
result is the schedule for charge and discharge of the battery. The following
example shows the use of the Model in practice.

Example 13.5. Table 13.3 shows a forecasting for solar generation, load and
price for a microgrid as the one shown in Figure 13.5. This table is stored in a
cvs file named Table.csv. We are going to use data frames in Pandas as a
tool for analysis and data manipulation.

Model Equation (13.14) is implemented in Python with e™®* = 100 kWh and
p™* = 30kW. The battery start discharged at ¢t = 0. The corresponding code is
presented below:

import numpy as np

import matplotlib.pyplot as plt

import cvxpy as cvx

from pandas import read_csv

data = read_csv (' Table.csv’)

p_stor = cvx.Variable (24) # p>0 charging
p_grid = cvx.Variable(24) # p<0 discharging

e_stor = cvx.Variable (25)
pmax = 30

emax = 100

f =0

res = [p_stor>=-pmax,

p_stor<= pmax,
e_stor>=0,
e_stor<=emax,
e_stor[0]==0]
for t in range(24):
f += data[’Price’][t]*p_grid[t]
res += [e_stor[t+l] == e_stor[t] + p_stor[t]]
res += [p_grid[t]+data[’Solar’][t]==p_stor[t]+data[’Load’][t]]
BM = cvx.Problem(cvx.Minimize (f), res)
BM.solve ()

Results for 24 h operation are plotted with the following code:

plt.subplot(3,1,1)
datal[’Solar’].plot ()
data[’Load’].plot ()
plt.plot (p_stor.value)
plt.plot (p_grid.value)
plt.legend([’Solar’,’'Load’,’'Battery’,’Grid’])
plt.grid()
plt.ylabel (' Power (kW)’)
plt.subplot (3,1,2)
plt.plot (e_stor.value)
plt.grid()

plt.ylabel ("Energy (kWh)'’)
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plt.subplot (3,1, 3)
data[’Price’].plot ()

plt.ylabel (" Spot price ($/kW)’)
plt.grid()

plt.show ()

As common along with the book, the reader is invited to do experiments with
this code. For example, compare results for larger values of p™® and e™*.
Compare the results with and without energy storage.

13.4 Further readings

One of the first models for demand-side management can be found in [115],
while a modern vision of the problem can be found in [116] and in [117]. An
interesting model for local flexibility markets can be found in [33]. Besides, a
good review of shifting load models is available in [118].

There are different technologies for energy storage, each one with a particular
niche market. For example, batteries are used for energy management, while
flywheels are used for stability purposes. A complete review about current
technologies for energy storage can be found in [59].

The classic approach for phase balancing in power distribution grids is
based on mixed-integer programming as in [114]. However, the problem is
more complex when it considers the effects of the power distribution network
and the non-linear model of loads. In that case, a mixed-integer non-linear
programming model is required. This type of model is usually solved by heuris-
tic algorithms such as simulated annealing [119]. A significant challenge of
heuristic algorithms in this type of applications is the representation of the solu-
tions; recent studies have demonstrated the advantages of using group-based
codification that reduces the space of solutions. Interested readers are invited
to review [120], and the references therein, for a complete analysis of this type
of codification.

13.5 Exercises

1. Modify the Model presented in Example 13.5 for peak shaving. Compare
results with the case of cost minimization.

2. Evaluate Example 13.5 with different values of p™® and e™** for both cost
minimization and peak shaving. What is more important in each case, to
have a large energy storage capacity or a large power capacity?.
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Table 13.3 Expected
generation, demand and
price for 24h operation of a
microgrid.

Hour Solar Load Price

0 0 68.5 140
1 0 69.5 140
2 0 68 140
3 0 64.5 140
4 0 64.5 140
5 0 70.5 175
6 0 82.5 210
7 26 100 210
8 50 112 210
9 71 112 175
10 87 112.5 170
11 97 115.5 170
12 100 111.5 173
13 97 111 175
14 87 100 180
15 71 98 190
16 50 99 210
17 26 110 315
18 0 130 385
19 0 130 385
20 0 130 350
21 0 120 280
22 0 92.5 245
23 0 79.5 175

3. Modify the code presented in Example 13.1 to show the cyclic permutation
if the problem is divide into 15-minute intervals.

4. Modify Example 13.2 for minimization of the peak load.

5. Generate random instances with different sizes of the phase balancing prob-
lem presented in Example 13.3. Evaluate the quality of the solution and time
calculation according to the size of the problem. Use different solvers.



10.

13.5 Exercises

. The phase balancing problem for three-phase loads may be represented

without using variables x;; of Model Equation (13.11). In this case, we define
a matrix variable M, € B> for each load, such that

Pr = My dy (13.15)
with additional constraints on the entries m;; of each matrix M;:
dimy =1 (13.16)
i
domy =1 (13.17)
J
Formulate the phase balancing problem in these terms and compare the

solutions. How many binary variables are required in this formulation
compared to Model Equation (13.11)?

. Solve the phase balancing problem for three-phase loads avoiding permuta-

tions that reverse the sequence.

. Solve the phase balancing problem relaxing the binary variables. Use a

randomly generated instance of the problem with more than ten loads.

. Formulate the phase balancing problem considering active and reactive

power. Propose a suitable objective function in this case.

Demand-side management is a vast area of research; there are many other
problems such as thermal loads and V2G that are closely related. Search on
the internet for these problems and formulate their corresponding models.

251



Taylor & Francis

Taylor & Francis Group

http://taylorandfrancis.com



A

The nodal admittance matrix

We require some concepts from graph theory in order to obtain a systematic
representation of the network equations, and solve large optimization prob-
lems such as the optimal power flow. A graph is a structure G = {N,B}
that groups together a set of nodes N = {0,1,...,n — 1} and a set of edges
(branches) B C N X N that connect these nodes. For example, Figure
A.1 depicts a graph with nodes N = {0,1,2,3,4,5} and branches B =
{(0,1),(0,3),(1,2),(1,4),(1,5),(2,5),(3,4), (4, 5)}. In this case, the graph is ori-
ented, since the set of branches B defines not only the connectivity between
nodes but also a direction of these connections. This is useful to represent an
electric network since it allows to define the direction of the current and/or the
power flows in the branches.

The connectivity of the graph can be represented by a matrix A known
as incidence matrix. This matrix is size n X m where n is the number of
nodes and m the number of branches!. Thus, every entry g; ; represents the
connections of node i with the branch j; in the case of an oriented graph,
a;; = —1 if the branch j leaves node i and a;; = 1 if the branch j arrives
to node i; otherwise a;; = 0 if the branch j is not connected to node i. For
example, the incidence matrix for the graph depicted in Figure A.1 is the
following:

Figure A.1 Example of an oriented 0 m 5
graph.

1 Notice that some books define the node-branch incidence matrix which is the transpose of
our definition.

Mathematical Programming for Power Systems Operation: From Theory to Applications in
Python. First Edition. Alejandro Garcés.

© 2022 by The Institute of Electrical and Electronics Engineers, Inc. Published 2022 by John
Wiley & Sons, Inc.

253



254 | A The nodal admittance matrix

-1.0 -1.0 0.0 0.0 0.0 0.0 0.0 0.0
1.0 0.0 -10 -10 -1.0 0.0 0.0 0.0
0.0 0.0 1.0 0.0 0.0 -1.0 0.0 0.0
A= (A1)
0.0 1.0 0.0 0.0 0.0 0.0 -1.0 0.0
0.0 0.0 0.0 1.0 0.0 0.0 1.0 -1.0

00 00 00 00 1.0 1.0 0.0 1.0

The incidence matrix is used to define relations between nodal and branch
variables in a power grid. For instance, nodal currents can be calculated from
branch currents as presented below:

Iy = Al (A2)
Likewise, branch voltages can be calculated from nodal voltages as follows:
Vp=ATVy (A.3)

Branch currents are in turns related to the branch voltages as given in (A.4)
which constitute a matrix representation of the Ohm’s law:

Iy =YgV, (A4)

where Y = diag(y;;) is a diagonal matrix with diagonal entries equal to the
admittance of each branch (ij) € B. Let us replace the expressions presented
above into (A.4) to obtain a direct relation between nodal currents and nodal
voltages:

Iy = AYRATVy (A.5)

From (A.5) we can obtain a direct definition of the nodal admittance matrix
Ybus:

Yius = AYAT (A.6)

This is, of course, one of many ways to obtain the Y7, matrix. Another approach
consists in defining its entries directly as follows:

Yius(is 1) = Z Yij (A7)
ijeQ;
Ybus(i’j) = _yij (AS)

where y;; is the admittance of each branch (ij) € B and Q; represents the set of
branches that connects the node i. The following example shows how to build
the Yy, in practice.
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Example A.1. Python allows to calculate easily the incidence matrix of a
graph using the module NetworkX. Let us see how the graph of Figure A.1 is
represented:

import networkx as nx

G = nx.DiGraph ()

G.add_nodes_from([0,1,2,3,4,5])

G.add_edges_from([(0,1), (0,3),(1,2),(1,4),(1,5),(2,5),(3,4),
(4,5)1)

Intuitively, we have defined N and B in the last two lines. Thus, we can
obtain a representation of the graph using the code given below, which is
self-explanatory:

import matpLotlib.pyplot as plt
nx.draw (G, with_labels = True)
plt.show ()

Remember that it is the connections and not the shape of the graph that matter
in this figure. Therefore, the draw may look different from Figure A.1, but the
graph G is the same. e

Example A.2. The incidence matrix can be easily calculated in Python using
the modulde NetworkX. Let us continue with the graph depicted in Figure A.1,
where the incidence matrix is calculated as given below:

A = nx.incidence_matrix (G,oriented = True)

Let us suppose the admittance of each branch is y;; = —10j, then, the Yy, is
obtained as follows:

import numpy as np
yB = -10j*np.identity (6)
Ybus = AQyB@A.T

Thus, the Yy, is built in only a few code lines. e
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B

Complex linearization

It is common, in power systems applications, to find equality constraints
defined in the complex domain. Representing the equation in the complex
domain may turn out to be more straightforward. Compare, for example, the
complex representation of the nodal power, presented below:

SZ = zykmvzvm (B.1)
m
with its counterpart separated in real and imaginary part, namely:
Pk = ), 8kmVkVUm €086k + by Uy, SIN(O) (B.2)
m
Gk = D bimVkUm €0SBhem) — iUk Upn SIN(B) (B.3)
m

Complex equality constraints, such as Equation (B.1), are usually non-convex,
so an affine approximation is advisable to convexify the space. A suitable man-
ner to make this approximation is to split the function into real and imaginary
parts; then, a truncated Taylor series may be used to obtain an affine func-
tion. However, it may be convenient to obtain the approximation directly in
the complex domain, as presented in this appendix.

We define the imaginary unit as j = \/—_1; thus, a complex variable is rep-
resented as z = x + jy, where x and y are the real and imaginary parts,
respectively. A function f : C — C is also defined as f(z) = u + jv; where
u = real(f) and v = imag(f). In the context of mathematical optimization, a
complex function can be used to represent an equality constraint, as presented
below!:

f(2)=0 (B4)

1 Notice that an inequality constraint, such as f(z) < 0 may be meaningless in the complex
domain, since it is a non-ordered set. See Chapter 2 for a discussion about ordered sets.

Mathematical Programming for Power Systems Operation: From Theory to Applications in
Python. First Edition. Alejandro Garcés.

© 2022 by The Institute of Electrical and Electronics Engineers, Inc. Published 2022 by John
Wiley & Sons, Inc.
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this constraint is equivalent to the following set of constraints in the real
domain, namely:

u(x,y)=0
v(x,y)=0 (B.5)

Obviously, Equation (B.4) is a simpler representation than Equation (B.5).
Moreover, Python allows to work directly with complex variables, so it is more
convenient to formulate the problem directly in the complex domain. A well-
known tool to define a linear approximation is to make use of derivatives.
However, a derivative on the complex domain is not as intuitive as a derivative

in the real domain.
A derivative, in the complex domain, is defined by the following limit:

ooy _ s S+ A2) — f(2)

@) = Jim = ®5)

This is the same definition as in the real numbers; however, there are infinitely
many directions in which this limit may be taken in the complex plane. This
implies an important consideration related to the continuity of the function. In
a real function, we require that the limits from the left and the right are equal.
Here, we require the same limit from all directions, as depicted in Figure B.1.
This fact restricts the analysis to a special set of functions, known as a holomor-
phic functions. Sufficient conditions for differentiating a complex function, are
given by the Cauchy-Riemann equations, as presented below:

ou _ dv
dx ~ Ay
ou dv
Z - B.7
dy d0x (B.7)
y Figure B.1 Possible directions for taking the
limit that defines the derivative in the complex

VAR
N\




B Complex linearization

Unfortunately, many expressions in power systems operation problems are
not holomorphic. Therefore, we require another mathematical tool that allows
us to linearize non-holomorphic functions.

Given a complex function f = u+ ju withu = u(x,y),v = v(x, y), we define
the Wirtinger’s derivative and the conjugate Wirtinger’s derivative as follows:

9f 1 (0u  dv J(0v du
walmrem)tim-5) ®8
af 1(du dv j(dv 6u>

3z <ax 6y) talex t dy (B.9)

If f is holomorphic, then Wirtinger’s derivative is equal to the standard com-
plex derivative. However, in the general case, Wirtinger’s derivatives are not the
same as the complex derivative.

Both Wirtinger’s derivative and conjugate Wirtinger’s derivative behave sim-
ilarly as a partial derivative. So, we can apply common rules for differentiation
concerning the sum and the product of functions as follows:

0 +g) _of o

"%z oz dz (510
% _ % N % (B.11)
a(j;Z-g) _ Z_‘;’ +gf;_£ (B.12)

Thus, alinearization is given by the following simple relation that resemblances
a Taylor expansion:

f@~ f)+ Lozt

Example B.1. Let us formulate a linear approximation for the following
function, around the point z, = 0,

Az* (B.14)

f=2zz"+8z+5z* (B.15)

First, we calculate the Wirtinger’s derivative and the conjugate Wirtinger’s
derivative, as presented below:

of
dz
of

oz*

=z"+8 (B.16)

=z+5 (B.17)
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Now, we evaluate these derivatives in the point z,, obtaining the following
affine function:

f(2) ~ 0+ 8Az + 5Az* (B.18)

A

Example B.2. Letusformulate a linear approximation of the function defined
in the previous example, but now, we split the function in real and imaginary
parts. First, the function is defined as presented below:

u(x,y) = x* + y* + 8x + 5x
v(x,y) =8y — 5y (B.19)
Now, we define the derivatives in each real variable, namely:

ou

6_x=2x+13
S—Z:O (B.20)
5 =3

These derivatives form a jacobian matrix,

2x+13 0
= B.21
= () 321

The linear approximation is obtained by a Taylor expansion around x = 0 and
y = 0, that is:

()=o) (% 200

Then, the linear approximation is the following:

u = 13Ax
v =3Ay (B.23)
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Example B.3. Equation (B.18) is equivalent to Equation (B.23); this equiva-
lence is easily demonstrated by the following calculation:

8Az + 5Az* = 8(Ax + jAY) + 5(Ax — jAy) (B.24)
= (8Ax + 5Ax) + j(8Ay — 5Ay) (B.25)

= 13Ax + 3Ayj (B.26)

]

Example B.4. Power flow equations in a power distribution grid are given by
Equation (B.27):

sp = Zykvavm (B.27)
m

This equation is non-linear and non-holomorphic. However, we can obtain a
linear approximation around v = 1 + 0 as follows:

Sy = Zykm((l +0j)*(1 +0j) + (1 +0j)Av; + (1 +0j)*Av,,) (B.28)

= Vem(1+ @O = D)+ (U, — 1)) (B.29)
= VimV + v, — 1) (B.30)

This linearization is convenient for optimization problems such as the optimal
power flow, where both s and v are decision variables. Notice that the equation
is affine in both variables. e

Example B.5. We can create a different linearization for the power flow
equations when s, is constant. In that case, the nodal current is given by
Equation (B.31):

. S\

=|— B.31

o= () (B31)
This equation is again, non-linear and non-holomorphic. The complex lin-
earization around v = 1 + 0j is the following:

o 1 1 i

e = ((1 +0j*  ((1+ oj)*)zAv"> (B:32)
= 51— (v = 1) (B.33)
=5.2-1)) (B.34)

This linearization is convenient for problems in which s, is constant, for
example, the primary feeder reconfiguration. e
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C

Some Python examples

Python is a powerful programming language for all types of applications, from
power systems to game development. There are hundreds of libraries available
for free to solve a wide variety of problems. Likewise, there is a vast material
available on the internet, such as examples and tutorials. Said tutorials might
be more detailed and up-to-date than the examples presented in this appendix,
which is only a brief introduction to Python programming.

Python is a high-level and interpreted language, which means the code is
executed by an interpreter program, in contrast to compiled languages, such as
c++, that return an independent executable. Bypassing the compilation step
makes development faster, although the program itself may be a bit slower.
The Python interpreter may be downloaded from https://www.python.org/ and
works in both Linux and Windows. We do not require anything different from
this interpreter to execute the examples presented in this book. The code may
be written in a plain document generated in Notepad. However, there are many
IDEs (Integrated Development Environments) that simplify the development.
We have no preference for any IDE, all of them are good-enough for our pur-
poses. In addition, there are online platforms such as Jupyter and Colab that
allow to execute the examples without installing the interpreter. When reading
this book, there will probably be many other platforms.

Below, we present a series of basic examples that demonstrate the main
features of the language. These examples are pretty simple but enough to
understand the logic behind the examples presented in this book.

C.1 Basic Python

Example C.1. Our first example is the traditional hello word program that
displays the famous message. Scripting in Python is simple and clean, below,
the corresponding code:
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‘print("Hello word")

Notice we do not require any additional library or configuration to obtain a
simple output message. e

Example C.2. Let us perform simple mathematical operations as follows:

x =5
x =x + 1
print (' the value of x is ', x)

Other operations such as multiplication and division are straightforward. In
addition, there are commands for floor division and exponentiation, namely:

"basic mathematical commands"
x = 10/4 # divide

= 10//4 # divide and round
10%2 # multiply

w = 10x%2 # exponentiation
print (x,y,z,w)

N
I

Notice that the last case is a square, e.g., w = 10> = 100. All comments in the
code were done using a hash mark (#). e

Example C.3. An array in Python may be stored in different ways; here, we
used manly lists and tuples. A tuple is defined by parenthesis and is immutable,
whereas a list is defined by square brackets and can change in size. See the
difference in the code presented below:

X = (10,15,12) # this is a tuple
Y = [10,15,12] # this is a list

]

Example C.4. We use tuples when the size of the array is fixed, for example:

A = (10,15,12)

in this case, A is a vector with three entries. We can access each entry as
A[0],A[1],and A[2]. In this case, A[0]1=10, A[l]=15,and A[2]=12.
Besides, we can count from the last to the first entry in the following way:
A[-1]1=12,A[-2]=15,andA[-3]1=10. e

Example C.5. We use lists if we require to modify the entries of the array or
its size, for example:

A = [10,15,12]
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We access the entries of A in the same way as a tuple. Moreover, we can increase
the size of A, as follows:

A += [30]

Here, we have added an entry at the end of the list. Therefore, the new list has
entriesA[0]=10,A[1]1=15,A[2]=12,and A[3]=30. e

Example C.6. The operator x is not a conventional multiplication when
applied to a list. For instance, the following command returns a vector of size 8
with all entries equal to 5:

B = 8x%[5]

A

Example C.7. One distinctive characteristic of Python is the indentation, i.e.,
the spaces at the beginning of a code line. Indentation is used to indicate block
code. Let us consider a simple conditional structure:

x = 10
y = 20
if x <= y:
print ("x is lower or equal than y")
print ("This line is inside the body of if")
print ("This line is still inside the body of if")
print ("This is outside the body of if")

Indentation in Python allows a neat code since we do not require any command
to begin and end the block code inside the conditional. However, we must be
cautious to avoid unnecessary spaces at the beginning of a line code. A simple
space may change the results of the algorithm drastically. e

Example C.8. Likewise conditionals, a for-loop is quite intuitive in Python. Let
us define a simple script that prints the numbers from 0 to 4 and its squares,

e.g.,

for k in range(5):

y = k*%2

print (‘k is ’,%k,’ and k"2 is ’,y)
print (' This is the end’)

The first print isindented, meaning that this command is executed inside the
body of the for structure. The second print is outside the body of the for
structure. e
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Example C.9. A functionisdefined by thecommand de£. The followingscript
shows the definition of the function f(x) = 1/x>:

def f(x):
y = 1/ (x*%5)
return y

After defining the function, we can evaluate it in any real variable, namely:

a=>5.3
b = f(a)
print (b)

We can also evaluate the function in a complex number, as follows:

a =53+ 2.03
b = f(a)
print (b)

C.2 NumPy

One of the most useful modules in Python is NumPy, which allows operation
with multidimensional arrays and matrices similarly to Matlab. The following
examples show the use of this module.

Example C.10. The script below, shows a simple definition of a NumPy array:

import numpy as np
x = np.array([10,15,12])

The first line imports the library and defines an alias (np). The second line
defines the array itself; this array behaves as expected in linear algebra. For
instance, we can multiply for a scalar as presented below:

y = 5x%x

This operation return a vector y € R3 with entries y [0]=50, y[1]=75,and
v [21=60. Note that the result would be very different if x were a list; in that
case, the result would be a list of size 15. e



C.2 NumPy
Example C.11. A matrix may be easily defined using NumPy. Consider the

following 3 X 3 matrix:

A= (C.1)

W b
N O 0
— =

This array is defined as follows:

A = np.array([[4,8,7],[3,0,1],[4,2,111])

Now, we can make different operations related to linear algebra. These oper-
ations are available in the 1inalg submodule. Some common functions are
presented below:

B = np.linalg.inv (A7) # inverse
d = np.linalg.det (A) # determinant
L,V = np.linalg.eig(A) # eigenvalues and eigenvectors

A

Example C.12. We can solve a linear system of equations Ax = b, were b is a
NumPy array of suitable size, for instance:

A = np.array([[4,8,7],03,0,11,14,2,1]11])
b np.array([12,15,9])
X np.linalg.solve (A, Db)

A

Example C.13. Conventional matrix multiplication is performed by the
command @. Let us consider the evaluation of the following quadratic
form:

x = np.array([1,8,3])
H = np.array([[4,8,71,(3,0,11,(4,2,111)
f =x.T @HQG@x

]

Example C.14. Conventional mathematical functions are also defined in
NumPy, as follows:

x = 0.5
a = np.sin(x)
b = np.cos(x)

267



268 | C Some Python examples

c = np.tan(x)
d = np.exp(x)

C.3 MatplotLib

Example C.15. MatplotLib is a library that allows to obtain plots in a way
as simple as Matlab. The code below, shows the plot of the function f(x) =
sin(x)/x for —10 < x < 10:

import numpy as np

import matplotlib.pyplot as plt

xr = np.linspace(-10,10,100) # vector with 100 points
from -10 to 10

yr = np.sin(xr)/xr

plt.plot (xr,yr)

the command 1inspace create a vector with 100 points, between —10 and 10;
next, the function f is invoked and the function is plotted. After that, we can
add some labels to the axis, as follows:

plt.grid()
plt.xlabel (’abscissa’)
plt.ylabel (' ordinate’)
plt.show()

C.4 Pandas

Most of the examples presented in this book are toy-models. However, they can
be extended to solve large models. In that case, we require a simple and effi-
cient way to read, store, and manipulate data. The module Pandas allows these
operations.

Example C.16. The essential component of Pandas is a DataFrame which
allows to store and manipulate data. The following code shows the creation
of a DataFrame that store the information given in Table C.1:

import pandas as pd

mytable = pd.DataFrame ()
mytable["Source"] = ["Solar","Wind", "Hydro", "Geothermal"]
mytable["Installed"] = [12.1, 61.1, 78.4, 3.4]
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mytable["Increasing”"] = [10.9, 26.0, 7.3, 0.2]
mytable["Percentage"] [1.14, 5.76, 7.69,0.32]
mytable.head ()

This Table may be also stored in a CSV file. In that case, we can open the file
by a simple line of code as presented below:

’mytable = pd.read_csv ("MYFILE.csv") ‘

where the table is stored in a file named MYFILE . csv inside the same folder of
the script. The following line returns the source in the second row (i.e., wind):

’print(mytable["Source"] (11 ‘

Table C.1 Comparison of the installed power and
increase in the United States from 2008 to 2013.
Taken from [121]

Source Installed Increasing Percentage
Solar 12.1 10.9 1.14
Wind 61.1 26.0 5.76
Hydro 78.4 7.3 7.39
Geothermal 3.4 0.2 0.32

We can also plot the information given in the DataFrame using MatplotLib,
as follows:

import matplotlib.pyplot as plt
mytable.plot ()

plt.grid()

plt.show ()

There are many functionalities available in Pandas. This is just a hint about the
possibilities of the module. As always, the reader is invited to explore further
functions.
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